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Connexive Semantic Tableaux

Storrs McCall

Abstract

Connexive logic differs from other alternatives to classical two-valued logic
in containing theses such as ~(p—~p) and (p—q)—~(p—~q) which are two-
valuedly false. In this paper a semantic tableau formulation of connexive
logic is constructed, using classical tableau rules plus an additional rule
enabling a contradiction to be derived from any tableau item of the form
A—~A or ~A—A. The resulting system is shown to be sound in the sense of
never leading to contradiction, and complete in the sense that all valid
connexive theses are derivable.

I ntroduction

Connexive implication takes its inspiration from remarks about conditionals
A—B made by Sextus Empiricus in the 4™ century BC, when it was said that
“the very crows on the roof-tops were croaking about what conditionals were
true”. Sextus held that A—B was true when ~B, the contradictory of B, was
incompatible with A, and this would imply that no conditional of the form
p—~p could be true, since the contradictory of ~p is never incompatible with
p (see McCall (2012) and (2014) for historical details. Wansing (2014) is an
excellent general introduction.)

Connexive systems are unlike all other non-classical logics in not being
sub-systems of two-valued logic. The connexive formula ~(p—~p) takes the
value “F” in two-valued logic when p takes the value “F”. In 1962 R.B.
Angell produced four-valued matrices which satisfy ~(p—~p) and (p—q) —
~(p—~q), in addition to many two-valued tautologies. These matrices are
axiomatized in McCall (1966). McCall (2014) contains a Gentzen Sequenzen-
kalkul formulation of connexive logic, and the aim of the present paper is to
construct a simple semantic tableau system for connexive theses.

Tableau rules for classical propositional logic are found in many
introductory texts, e.g. Jeffrey (1967):

A—B ~(A—B) A&B ~(A&B) AvB ~(AvB) ~~A
v N A A v N 7 N ~A A
~A B ~B B ~A ~B A B ~B
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The following tableau illustrates the use of these rules. Suppose we wish to
show that Syl, the formula (p—q) — [(q—1)—(p—r1)], is valid. We assume
that Syl is false, and try to produce contradictions in every branch of the
tableau:

L. ~{(p—q) — [(@—1)—=(p—1)]}
2.p—q [1]
3. ~[(q—r)—(p—r1)] [1]
4. q—or [3]
5. ~(p—1) [3]
6.p [5]
7.~r [5]
v N
8. ~p q [2]
X v N
9.~q r [4]
X X

An “x” at the bottom of a branch indicates that the branch in question is
closed. All three branches in the tableau where Syl is assumed to be false are
closed, and consequently Syl is valid.

Tableau rules for non-classical connexive theses such as ~(p—~p), known
as “Aristotle”, and (p—q) — ~(p—~q), “Boethius”, require an additional
rule, which we may name “Aristotle”. The rule Aristotle takes the following
two forms:

A—~A ~A—A
A ~A
~A A

Here is the tableau for the thesis Aristotle, where the rule DN permits the
derivation of a wff A from ~~A at any point in a tableau:

1. ~~(p—~p)
2.p—~p [1, double negation (DN)]
3.p [2, the rule Aristotle]
4.~p [2]
5.X

In the tableau for Boethius we shorten the work by making use of two new
derived rules, the rule “Syl” and the rule “Contra”. The rule “Syl” states that
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if we have a line in a branch of the form “A—B?”, and another line in the
same branch of the form “B—C”, then we may add a line “A—C”. The rule
“Contra” (from the word “contraposition”) has 4 variants:

(1)  If we have a line of the form A—B, we can add a line of the form
~B—~A.

The tableau derivation of the thesis (A—B) — (~B—~A) corresponding to
(1) is as follows:

1. ~[(A—>B) = (~-B—~A)]
2. A—B [1]
3. ~(~B—~A) [1]
4.~B [3]
5.~~A [3]
v N

(2)  From A—~B derive B—~A.
(3) From ~A—B derive ~B—A.
(4)  From ~A—~B derive B—A.

The tableaux corresponding to the rules Contra (2), (3) and (4) are similar to
that for (1).

Here is Boethius:
L. ~[(p—q) = ~(p—~q)]
2.p—q [1]
3. ~(p—~q) [1]
4.p—~q [3,DN]
5.q—~p [4, Contra (2)]
6. p—~p [2,5 Syl]
7.p [6, Aristotle]
8. ~p [0, Aristotle]
X

1. Relevance

Connexive logic satisfies Anderson’s and Belnap’s criterion of relevance:-
that in a valid implication, the antecedent should be “relevant” to the
consequent. For example, that snow is white is irrelevant to the truth of “If
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2+2=4, then 2+2=4". In general, g—(p—p), though valid in 2-valued logic,
is invalid in logics which require variable-sharing between the antecedent and
consequent of true implications. In connexive tableaux, relevance is ensured
by a system of checking:

~[q—(p—p)] "

q
~(p—p) "
p A
Np A
The checks attached to each of the lines 1, 3, 4 and 5 of the above tableau
indicate that the line in question was used in procuring the contradiction.
Line 2 was not used, and “q” stands as irrelevant to the process of closing the
tableau. In connexive logic, a tableau at a world does not close unless every

line in every path through the tableau is checked.

2. Double checking
Propositional theses such as

[pP—(p—q)]—(p—q) (Hilbert) and
[p—(q—1)]—=[(p—q)—(p—1)] (Frege),

where one variable occurs an odd number of times and all others occur an
even number of times, are also invalid in connexive logic. This is shown by
the failure of Hilbert and Frege to satisfy Angell’s 4 x 4 implication/negation
matrices for connexive logic (McCall (1966), p. 418). We have the following
tableau for Hilbert:

L. ~{[p—(pP—9] — p—} "
2.p—@—q " [1]
3.~(p—q "~ [1]

4.p~" 3]
5.~q" [3]
v N
6.~p" p—q” [2]
v N

T.~p" q” [6]

Note that p is checked twice on line 4.
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Similarly in the case of Frege:

L. ~{[p—(q—1)] — [(p—9)—(—D]} *
2.p—(q—n) " [1]
3. ~[(p—9)—(p—0]" [1]

4.p—q” [3]
5.~(p—n) " [3]
6.p"" [5]
7.~ [5]

Y N
8.~p* q—or” [2]
Y N
9.~ q” [4]

Y N

10.~q* r [8]

Again, p is double-checked on line 6, once to pair with ~p on line 8, and once
to pair with ~p on line 9. In connexive tableaux, a path containing a formula
that is checked more than once does not close, thus ruling out the non-
connexive theses Hilbert and Frege.

3. Fallacies of necessity

In Anderson-Belnap logic, a contingent matter-of-fact proposition p cannot
imply an implication g—r, since implications if true at all are true
necessarily, not as a matter of contingent fact. Thus although (p—q)—(p—q)
holds, the law of assertion p—[(p—q)—q] does not. But if p itself is an
implication and hence necessary, all is well, and we have as a theorem
P—[(P—q)—q] (“Weak Assertion”), where the capitalized variable stands
for an implication. In the latter proposition there is no “fallacy of necessity”:
a contingent proposition does not imply a necessary one. p—[(p—q)—q]
comes from (p—q)—(p—q) by commutation of the antecedents p—q and p,
and such commutation is ruled out if in place of [p—(q—1)]—[q—(p—1)]
(“Comm”) we have as a theorem [p—(Q—r1)]—[Q—(p—T1)], where
capitalized variables P and Q represent only implications, not contingent
propositions. [p—(Q—1)]—[Q—(p—1)] may be labelled “Weak Comm”. We
have, in tableau form, the following for Comm:
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L ~{[p—(q—)] — [g=(p—)]} *
2.p—(@—n)"
3. ~[q—=(p—)] A
4.q [from line 3]
5.~p—n)"
6.p” [from line 5]
7. ~r
Z N
8.~p” g—or” [from line 2]
X Z N
9.~q r
X

This tableau is prevented from closing by the fact that between q and ~q there
lies (on the same branch) ~(p—t1). We have as a rule that contradictory pairs
consisting of variables and their negations which lie within the same branch
cannot be checked if they are separated (also in the same branch) by formulae
containing a negated arrow. This is the case with q on line 4, which is
separated from ~q on line 9 by ~(p—t). Consequently the tableau does not
close. In connexive tableaux, the ordering of the items in a tableau is crucial.

Consider now Weak Comm, i.e. [p—(Q—1)] — [Q—(p—r)], written in
the form [p—[(g—1)—s)]] = [(—0)—(p—s)]:

L. ~{[p—=[(q=1)—9)]] = [(g—=1)—=(p—9s)]}
2. p—[(q—r)—s] ™ [1]
3. ~(q=1)—(p—9)]" [1]
4. q—-r” [3]
5.~(p—s) " [3]
6.p" [5]
7.~s™ [5]
4 N
8.~p" (q—n)—s” [2]
X 4 N
9. ~(q—1) " s™ [8]
10.q " x [9]
1.~ [9]
4 N
12. ~q* r [4]
X X
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In this tableau, starting from the left, the first branch closes with p and ~p, the
second with q and ~q, the third with ~r and r, and the fourth with ~s and s.
These pairs are not separated by formulae containing a negated arrow. When
Comm is replaced by Weak Comm, fallacies of necessity are avoided.

An alternative and more perspicuous way of bringing about the closure of
the Weak Comm tableau, while leaving the Comm tableau open, is to adopt a
tableau “rule of reiteration”, which permits the transfer of an implication
from a higher to a lower position on a branch, while forbidding the transfer of
a negated implication or a propositional variable. Suppose we adopt a new
Anderson-Belnap type rule similar to their “rule of reiteration” in subproof
formulations, namely that any implication of the form A—B may be
reiterated from a subproof X to an inner subproof Y which is subordinate to
X. For semantic tableaux, the rule is:

Tableau Rule of Reiteration. Any implication of the form A—B, where A
and B are wffs, may be repeated from its position in a tableau T to a position
lower down on some branch or branches of T.

Applying this rule to the tableau for Weak Comm, we get:

L. ~{[p—(Q—-1)] — [Q—(p—D]} "
2. p—(Q-o1) ™ [1]
3. ~[Q—=(p—n] " [1]

4.Q" [3]
5.~(p—n) " [3]
6.p" [5]
7.~ [5]
v N
8.~p" Q-r” [2]
X 4 N
9.~Q" r™ [8]
10.Q~ x [4, Tableau Reiteration]
X

4. Conjunction and Digjunction
There are straightforward tableau rules for conjunction and disjunction:
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A&B ~(A&B) AVB
A ¢ N ¢ N
B ~A ~B A B

Here are some typical tableaux:

L. ~{(p—q) — [(p&r)—(q&r)]} *
2.p—q” [1]
3. ~[(p&r)—(q&r)] ~ [1]
4. p&r ™ [3]
5.~(q&n) " [3]
6.p" [4]
7.t [4]
v N
8. ~q" ~r " [5]

L ~[(pvq) = ~(~p&~q)]

2.pvq” [1]
3. ~~(~p&~q) " [1]
4. ~p&~q " [3 DN]

5p" [4]

6.~q" [4]

v N
7.p"  q” [2]
X X
Note that we used the rule for double negation at line 4.

L. ~[~(~p&~q) — (pvq)] *
2. ~(~p&~q) " [1]
3.~(pvg) " [1]

4.~p" [3]

5.~q™ [3]

"4 N
6.~p" ~q" [2]

X X

10
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In the above tableau, we operated on line 3 before operating on line 2. If
however we had operated on 2 before 3, the tableau would not have closed:

L. ~[~(~p&~q) — (pvq)] "
2. ~(~p&~q) " [1]
3.~(pvg) " [1]

"4 N

4. ~p" ~q" [2]
5.p” q” [4]
6.~p" ~p [3]
7.~q ~q” [3]

This tableau does not close because ~q is not checked on the left, and ~p is
not checked on the right.
Exportation
L ~{[(p&q)—1] — [p—(q—D]}
2. (p&q)—r " [1]
3.~[p—(@—n]" [1]
4.p [3]
5.~(q—n " [3]
6.q" [5]
7.~ [5]
v N
8. ~(p&q) " r™ 2]
4 N X
9.~p ~q" [8]

X

No closure because ~(q—r) lies between p and ~p. Hence p and ~p cannot be
checked. If however p is replaced by the implication variable P, yielding
Weak Exportation [(P&q)—r1] — [P—(q—r)], then P can be reiterated from
line 4 to the line below line 9, and the tableau closes.

L. ~~(p&~p) *
2. (p&~p) ~ [1 DN]
3.pn [2]
4.~p" [2]
X

11
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However, (p&q)—p, (p&p)—p, and p—(p&p) all lead to open tableaux:

q is unchecked.

~p is double checked.

p is double checked.

4.~p"

L. ~[(p&q)—p] "
2.p&q ™ [1]
3.~ [1]
4.p" [2]

5.q [2]

1. ~[(p&p)—p] "
2.p&p ™ [1]
3N N 1]
4.p" [2]
5.p” [2]

L. ~[p—(p&p)] "
2.p~ N (1]
3. ~(p&p) "~ [1]
"4 N

~p" [3]

In the case of (p&p)—p and p—(p&p), these formulae fail to satisfy the
connexive 4x4 truth-matrices for connexive implication found in McCall
(1966), p. 418, where the conjunction matrix should read as follows (values 1

and 2 being “designated”):

12



Connexive Semantic Tableaux

However, there are other versions of connexive logic, including a Gentzen
sequent formulation, in which (p&p)—p and p—(p&p) are provable, and in
the future it may be possible to devise tableau rules which satisfy these
formulae.

5. Completeness of the tableau method

To prove completeness of the tableau method for connexive implication, we
must first of all give closed semantic tableaux for each of the connexive
axioms given in McCall (1966), pp. 425-426. Start with the pure
implicational fragment of connexive logic, which has as axioms Syl and
[(p—p)—ql—q. The tableau for Syl was given above, and for
[(p—p)—ql—q we have:

L. ~{[(p—p)—ql—q} *
2. (p—p)—q” [1]

3.~q" [1]

4 N
4. ~(p—p) " q” [2]
5.p~ x [4]
6.~p" [4]

X

From Syl and [(p—p)—q]—q we derive p—p (see McCall (1966), p. 426).
Moving from the pure implicational fragment of connexive logic to the
implication-negation part, we add “Aristotle” and “Boethius” (see above, pp.
1 and 2). Conjunction and disjunction axioms are found in McCall (1966).

To prove completeness of the tableau method, we first construct closed
semantic tableaux for each of the connexive axioms. Then we must show that
any theorem that can be obtained from the axioms by use of the rules of
substitution, detachment (modus ponens), and adjunction (from |- A and |- B
derive |- A&B), also generates a closed tableau. Substitution is no problem.
That the rule of detachment leads from closed tableaux to closed tableaux
may be shown as follows.

Suppose we have a closed tableau for A, and a closed tableau for A—B.

This means that the tableau headed by ~A closes, and the tableau headed by
~(A—B) closes:

13
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~A ~(A—B)

We need to show that there is a tableau headed by ~B which closes, i.e.

~B

It is not difficult to construct such a tableau, based on reiteration of the
classical two-valued theorem [(A—B) & A] — B:

1.~B*
2.[(A—B) & A] —» B " [Reiteration of theorem]
4 N
3. ~[(A—B) & A] " B” [2]
4 N X
4. ~(A—B) ~A [3]
X X

In this tableau, the left branch closes because it was originally assumed that
there existed a closed tableau for A—B, and the middle branch closes
because of the assumption that there was a closed tableau for A. The right
branch closes because both B and ~B occur on the path. Consequently the
entire tableau closes, i.e. there exists a closed tableau for B. Use of the rule of
detachment in proving theorems from connexive axioms leads from closed
tableaux to closed tableaux. If there is a closed tableau for formula X, and a
closed tableau for X—Y, then there is a closed tableau for Y.

14
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Finally, the rule of adjunction is justified by detachment plus reiteration
of the theorem A — (B — (A&B)). The set of all closed semantic tableaux is
complete. ®

6. Soundness of the tableau method

The 4-valued truth-matrices for connexive implication found in McCall
(1966) include the amended conjunction matrix of section 4, and the
following implication-negation one:

S| 1234~ & | 1234
1 |1434]4 1 1234
2 |4143]3 2 12143
3114142 3 13434
4 141411 4 4343

As before, the values 1 and 2 are designated. We shall show that the system
of semantic tableaux rules for connexive logic is sound in the sense that all
formulae provable using the rules satisfy the matrices, i.e. are four-valued
tautologies in the sense of receiving either a 1 or a 2 for all values of their
variables. If this is so, use of the tableau rules never leads to a contradiction.

Let v be a propositional interpretation which, starting with assignments to
variables, takes every wff into one of the four values {1, 2, 3, 4}. Let b be
any branch of a tableau that is being constructed, and let v be faithful to the
branch b iff for every wff A on branch b, v(A) =1 or 2.

Soundness lemma. (I am indebted to Priest (2001), p.15 ff., for the
structure of this soundness proof.) If v is faithful to a branch b, and if a
tableau rule (not including the rule Aristotle) is applied to b, then v is faithful
to at least one of the branches generated by the application of the tableau rule.

Proof. Proof consists of a case-by-case examination of the tableau rules. I
shall examine only the rules for implication; the rules for conjunction and

disjunction are treated in a similar fashion.

Let A—B occur on branch b. Then b splits into two branches b’ and b”,
with ~A on b’ and B on b™:

15
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A—B
Y N

~A B

Since A—B is on b, and since v is faithful to b, then v(A—B) = 1 or 2. But
v(A—B) = 2 is impossible, since the matrix for — contains no instances of
the value 2. Hence v(A—B) = 1, and either (i) v(A) = v(B), or (ii) v(A) =3
and v(B) =1, or (iii) v(A) =4 and v(B) = 2.

v(A) = v(B). There are four subcases:
(ia) v(A)=1. Then v(B)=1, and v is faithful to branch b”
(ib)  v(A)=2. Then v(B) =2, and v is faithful to branch b”
(ic)  v(A)=3. Then v(~A) =2, and v is faithful to branch b’
(id) v(A)=4. Then v(~A) =1, and v is faithful to branch b’.

v(A) =3 and v(B) = 1. Then v is faithful to branch b”.

v(A) =4 and v(B) = 2. Then b is faithful to branch b”.

Hence in all possible cases, v is faithful to one or other of the two
branches b’ and b”.

Let ~(A—B) occur on branch b. Then b does not split:
~(A—B)
A
~B
Since v is faithful to b, then v(~(A—B)) =1 or 2.
Subcase 1 v(~(A—B)) =1.
Subcase 1.1  v(A)=1 and v(B) =2. Hence v(~B) = 3.
This case is impossible, since v is not faithful to branch b.
Subcase 1.2  v(A)=1 and v(B) =4. Hence v(~B) =1.

In this case, v is faithful to branch b.
Subcase 1.3  v(A)=2and v(B) =1. In this case v(~B) =4.

16
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This case is impossible, since v is not faithful to branch b.
Subcase 1.4  v(A)=2 and v(B) =3. Consequently v(~B) =2,
and v is faithful to branch b.
Subcase 1.5 v(A)=3and v(B)=2.
1.6  v(A)=3and v(B) =4.
1.7 v(A)=4and v(B)=1.
1.8  v(A)=4and v(B) =3.
In none of these subcases 1.5 to 1.8 is v faithful to branch b, because v(A) =3
or 4. Consequently all of these subcases are impossible.

Subcase 2 v(~(A—B)) =2.
It follows that v(A—B) = 3, and there are two subcases.

Subcase 2.1  v(A)=1and v(B)=3. Then v(~B) =2, and v is faithful to
branch b.

Subcase 2.2 v(A)=2and v(B)=4. Then v(~B) =1, and v is faithful to
branch b.

This concludes the proof of the soundness lemma. H

Soundness theorem
Let |- A mean that A is derivable using the tableau method, and let |= A mean
that A is a four-valued tautology. Then the soundness theorem states that:

If |- A, then |= A.

Proof. Assume |- A. Then, by the completeness of the tableau method
there is a closed tableau T for ~A. Let v be a propositional interpretation that
takes every line of T into one of the four values {1, 2, 3, 4}, and let v(~A) =1
or 2. Let the initial branch of the tableau, on which ~A is located, be named
“b”. Since v(~A) =1 or 2, v is faithful to b at level 1, the top of the tableau.

By the soundness lemma, if v is faithful to b at level 1, v must be faithful
to b at each subsequent level, i.e. at levels 2, 3, 4, ... . But this is impossible.
Tableau T is closed, and every branch of T contains either two mutually
contradictory items B and ~B introduced by the rule Aristotle, or at least one
propositional variable and its negation. (If the former, the latter follows.) If

17
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v(p) =1 or 2, v(~p) = 3 or 4, and v cannot be faithful to any of the branches
of T. The assumption that v(~A) = 1 or 2 leads to a contradiction, and
consequently v(~A) = 3 or 4. But then v(A) always equals 1 or 2, and it
follows that |=A. &

7. Conclusion

Semantic tableau rules for connexive logic have been introduced, and the set
of formulae derivable using these rules has been shown to be sound and
complete.
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Dyadisk Deontisk L ogik:
En Harledning av Nagra Teorem

Daniel Ronnedal

Abstrakt

Deontisk logik ar en gren av logiken som handlar om normativa begrepp,
satser, argument och system. Dyadisk deontisk logik &r en typ av deontisk
logik som innehéller sérskilda symboler som kan anvéndas for att analysera
villkorliga normer av formen: ”Det bor vara fallet att A givet att B &r fallet”,
”Det ar tillatet att A givet att B ar fallet” och ”Det &r forbjudet att A givet att
B édr fallet”. Sven Danielsson, Bengt Hansson, Bas van Fraassen, David
Lewis, Frans von Kutschera och Lennart Aqvist 4r nigra av pionjirerna inom
denna gren av logiken. Jag har i tidigare arbeten utvecklat en rad semantiska
tablasystem som bl.a. kan anvindas for att bevisa teorem och analysera och
vérdera argument i dyadisk deontisk logik. I den hér uppsatsen visar jag hur
ett av dessa system kan anvéndas for att hiarleda en mingd av de axiom som
%resenteras av Danielsson, Hansson, van Fraassen, Lewis, von Kutschera och

qvist.

1. Introduktion

Deontisk logik &r en gren av logiken som handlar om normativa begrepp,
satser, argument och system.' Dyadisk deontisk logik &r en typ av deontisk
logik som innehaller sédrskilda symboler som kan anvéndas for att analysera
villkorliga normer av formen: ”Det bor vara fallet att A givet att B ar fallet”,
”Det 4r tillatet att A givet att B dr fallet” och ”Det &r forbjudet att A givet att
B ar fallet”. Sven Danielsson (1968), Bengt Hansson (1969), Bas van
Fraassen (1972), (1973), David Lewis (1973), (1974), Frans von Kutschera
(1974) och Lennart Aqvist (1971), (1973), (1987) #r nigra av pionjirerna
inom denna gren av logiken. Se ocksa Rescher (1958) och von Wright
(1964). Jag har i tidigare arbeten utvecklat en rad semantiska tablisystem
som bl.a. kan anvéndas for att bevisa teorem och analysera och virdera
argument i dyadisk deontisk logik (Ronnedal (2009b); se ocksd Ronnedal
(2009) och Ronnedal (2012)). I den hér uppsatsen visar jag hur ett av dessa
system, ett system som kallas "TG” i Roénnedal (2009b), kan anvéndas for att

' Fér mer information om denna sorts logik, se t.ex. Gabbay, Horty, Parent, van der Meyden &
van der Torre (red.). (2013), Hilpinen (1971), (1981), Rénnedal, (2010), (2012), Aqvist (1984),
(1987), (2002). Mally (1926) och von Wright (1951) &r tvé viktiga historiska referenser.
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hérleda en médngd av de axiom som presenteras av Danielsson, Hansson, van
Fraassen, Lewis, von Kutschera och Aqvist.

Roénnedal (2009b) innehéller en lista pa de teorem vi skall hirleda i den
hér uppsatsen (teorem 19, del (i) och (ii)). P4 grund av det begrdnsade
utrymmet var det dock inte mojligt att inkludera alla bevis i Ronnedal
(2009b). En del hérledningar &r relativt enkla, men for att bevisa ett antal
teorem kravs ett ganska stort matt av kreativitet. Jag tror dérfor att det &r vért
att publicera dessa bevis.’

2. Dyadisk deontisk logik
Danielsson, Hansson, van Fraassen, Lewis, von Kutschera och Aqvist
anviander nagot olika symboler, sprak (ndgra sprak tillater iteration av
deontisk operatorer, nagra inte; nagra inkluderar aletiska operatorer, nigra
inte; ndgra innehaller komparativa virdebegrepp, nigra inte; antalet primitiva
begrepp varierar, olika sprék innehéller olika definitioner osv.), bevisteorier,
och semantiska system. Dessutom anvénder de ibland olika namn p&d samma
axiom, slutledningsregler, system osv. I den hir uppsatsen kommer jag dock
att ignorera dessa skillnader, eftersom de &r relativt ovdsentliga och det
forenklar framstéllningen avsevért.

Lat oss ga igenom den syntax, semantik och bevisteori vi anvénder i den
hér uppsatsen (for en mer utforlig framstéllning, se Ronnedal (2009b) eller
Ronnedal (2012)).

2. Syntax
Spréket L2 bestér av foljande alfabet och satser.

2.1. Alfabet
En méngd satsbokstéver p, q, 1, S, p1, 41, I1, S1, P2, Q25 12, S2, - - -
De satslogiska konnektiven — (negation), A (konjunktion), v
(disjunktion), — (materiell implikation) och <> (materiell ekvivalens).
Tre deontiska operatorer O, P och F.
T (verum), L (falsum), parenteser ), (, ] och [.
Tre aletiska operatorer 0 (nddvédndighet), <& (mdjlighet) och <
(omojlighet).

%1 Ronnedal (2009b) namner jag nigra filosofiska skl varfor det ar onskvirt att studera dyadisk
deontisk logik. Det kanske viktigaste skalet dr att vi tycks behova ndgon form av dyadisk
deontisk logik for att 16sa Roderick M. Chisholms s.k. contrary-to-duty” paradox (se Chisholm
(1963)). (Se ocksé Prior (1954).) Jag skall inte hér ta upp detta problem; istdllet hdnvisar jag den
intresserade ldsaren till Ronnedal (2012, ss. 112-118) for mer information (se ocksd Ronnedal
(2012, ss. 118-121) for ytterligare ett par skél att vara intresserad av dyadisk deontisk logik).
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2.2. Satser
Spraket L2 bestér av alla satser eller vilformade formler (vff) som genereras
frén foljande villkor.

Alla satsbokstiver, T och L ar vff.

Om A ir en sats, sa dr —A en sats.

Om A och B ér satser, s dr (A A B), (A v B), (A — B) och (A & B)
satser.

Om A och B ar vff, s ar ockséd O[A]B, P[A]B och F[A]B vff.
Ingenting annat ir en sats.

A, B, C, D... representerar godtyckliga satser i spraket (inte nodvéndigtvis
atomdra). Parenteser runt vélformade formler uteldmnas i regel om ingen
méngtydighet uppstér eller om den méngtydighet som uppstér &r irrelevant i
sammanhanget. De ”dyadiska” satserna i spraket ldses pé foljande sétt.

O[A]B: Det ér obligatoriskt att B givet A.
P[A]B: Det ar tillatet att B givet A.
F[A]B: Det ar forbjudet att B givet A.

Definitioner

OA = O[T]A. PA = P[T]A. FA = F[T]A. O'[B]A = P[B]TAO[B]A. P'[B]A =
—O'[B]—A (eller O[B]L v P[B]JA). F'[B]JA = —P'[B]A (eller O'[B]-A eller
(P[B]TAF[BJA)). A>2B = O[AVvB]LVvP[AVB]A (cller P[AVB]A). A>B
P[AVB]TAO[AVB]-B (eller O'[AvB]-B). A=B=0[AVvB]Lv(P[AVB]A
AP[AVB]B) (eller P[AVB]JAAPTAVB]B). ”A>B” ldses ”A ér béttre dn B”,
”A>B” lises ”A dr minst lika bra som B”, och A =B ldses A ir lika bra
som B”.

Semantik

I Ronnedal (2009b) introduceras tvd typer av semantik. Vi anvénder exakt
samma semantik i den har uppsatsen. De utvidgade ramarna och modellerna
innehaller en preferensrelation mellan mdjliga virldar. Den intuitiva tanken
ar att det dr sant att det ar obligatoriskt att A givet B (O[B]A) om och endast
om A ir sann i alla de bésta B-vérldarna, dér en B-vérld dr en mojlig vérld i
vilken B ar sann. Det dr sant att det ar tillatet att A givet B (P[B]A) om och
endast om A &r sann i dtminstone en av de basta B-vérldarna. Och det 4r sant
att det dr forbjudet att A givet B (F[B]A) om och endast om A inte ar sann i
nagon av de bésta B-vérldarna.
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Bevisteori
Vi anvinder exakt samma bevisteori i den hédr uppsatsen som i Ronnedal
(2009b) och (2012). Denna teori bygger pa s.k. semantiska tablaer. Om vi vill
bevisa en sats A, sa skapar vi en semantisk tabld for negationen av A. Om
alla grenar i denna tabla ar slutna, s& dr A giltig. Intuitivt innebér detta att
antagandet att A ar falsk leder till en motsdgelse, varfor A maste vara sann.
Vi anvéinder genomgaende systemet TG i véra bevis. Detta &r det starkaste
systemet som beskrivs i Ronnedal (2009b) och det innehéller alla tablaregler
som presenteras i denna uppsats.

Lét oss nu gé igenom ett antal system och sedan visa att alla satser i dessa
system kan bevisas i TG.

Von Kutschera

VKO.1 P[B]A < —=0O[B]-A

VK1 O[AJA

VK2 O[—-A]A—O[B]A

VK3 (O[-+(A—B)](A—>B)AO[C]A)—>O[C]B

VK4 (O[BJAAO[B]C)—O[BJ(AAC)

VK5 —0O[A]-B—(O[AAB]C+< O[A](B—C))

VK6 O[-A]JA—>A

DFL

Definitioner
O'[B]A =df P[B]TAO[B]A O[B]A < P'[B]LVvO'[B]A
P'[BJA =df O[B]LVP[B]JA P'[B]JA < O'[B]TAP[B]A

DFL-0.1.  P[BJA<>—0'[B]-A

DFL-1. O'[B]JA—P[B]A
DFL-2. O'[BJ(A—C)—(O'[B]JA—O'[BIC)
DFL-3. O'[B]JA—OO'[B]A

DFL-4. OA— (P[B]LvO'[B]A)

DFL-00. (A< B)—(0A]JC<>O'[B]C)

DFL-ol.  PTA]LVOT[AJA

DFL-02.  (P[AAB]LVOAABIC)— (PTA]LvOA](B—C))

DFL-03. OA—OTAIT

DFL-04.  (O[A]TAP[A]B)—
(PTA]LVOTA](B— C))— (PTAAB]LVOTAABIC))

* For mer information om tablimetoden, se t.ex. Beth (1955), (1959), D’Agostino, Gabbay,
Héhnle & Posegga (red.) (1999), Fitting (1972), (1983), (1999), Jeffrey (1967), Kripke (1959),
Priest (2008), Ronnedal (2009), (2009b), (2012), Smullyan (1963), (1965), (1966), (1968).
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O'[B]A =df P[B]TAO[BJA
P'[B]A =df O[B]LvP[B]A

Lwl.
Lw2.
Lw3.
Lw4.
Lw5.
Lwé.
Lw7.
Lw8.
Lw9.

Lw10.
Lwll.
Lwl2.
Lwl3.

P'[C]A <>—0O'[C]-A
O'[CI(AAB)<> (O'[CJAAO'[C]B)
O'[C]JA—P[C]A
O'[CIT=0'[C]C
O'[CIT=O'[BvC]T
(O'[BJAAO[C]A)— O'[BvC]A
(P'[C]LAOBVC]A)—O[B]A
(P'[BvCIBAOBVC]A)—O'[B]A
O'[TIT

A—OTAIT

O'TA]T— P[PTA]L]LL
O'[B]JA—P[-O'[B]JA]L

P'[B]A —P'[-P[B]A]L

Van Fraassen

Definitioner

O'[B]A =df P[B]TAO[B]A
P'[B]A =df O[B]LvP[B]A

vF1.
vE2

vE3

vF4.
vF5.
vF6.
vF7.

Gl.
G2.
G3.
G4.
GS.
Go6.
G7.

P'[B]JA <>—O'[B]-A

O'[BJ(A—C)— (O'[B]JA—O'[B]C) (= DFL-2).
O'[BJA—P'[B]A (= Lw3).
O[A]B—O[A](BAA)

O'[AVB]-B— (0'[BvC]-C—OTAvC]-C)
P[AvB]A— (O'[BvC]-C—OAvC]—C)
O'[AvB]-B— (P[BvC]B—O[AvC]-C)

O[A]lL->0O-A
P[A]B—(P[AAB]C—P[A](BAC))
O[AvB]-B—O[AVvBvC]-B
(O[AvB]-BAP[BVvC]B)—>O[AVvBVvC]-C
P[AVB]JA—P[AVBVC]T
P[AVBJA—P[AVC]T
(P[AVB]TAO[AVB]-B)—>P[AVB]A
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Von Kutscheras system
VKO.1P[B]A <>—0O[B]-A
(1) =(P[BJA<>—=0[B]—=A), 0

4 N
(2) P[BJA, 0 [1, =] (3) =P[B]A, 0 [1, =]
(6) O[B]—A, 0 [4, /] (7) O[B]—A, 0 [3, —P]
(8) Orgl [2, P] (9) P[B]—A, 0[5, —0]
(10) A, 1[2,P] (11) 0rgl [9, P]
(12)=A, 116, 8, O] (13) =—A, 1 [9, P]
(14) * 110, 12] (15)—-A,1[7,11, 0]
(16) * [13, 15]
VK1 O[AJA VK2 O[-A]JA—O[BJA
(1) =0[A]A, 0 (1) =(O[-A]JA—O[B]A), 0
(2) P[A]-A, 0[1,—0] (2) O[-A]JA, 0 [1, ——]
(3) Orpl [2, P] (3) =O[B]JA, 0 [1, =—]
4)—A,1[2,P] (4) P[B]—A, 0 [3, =0]
5)A,1[3, Tal] (5) Orgl [4, P]
(6) * [4, 5] (6) —A, 1[4, P]

(7) Or_x2 [6, Ta3]
(8)A,21[2,7,0]
(9)=A, 2 [7, Tal]
(10) * [8,9]

VK3 (O[-(A—B)](A—B)AO[C]A)— O[C]B
(1) =((O[-(A—B)](A—=B)AO[C]A)—=O[C]B), 0
(2) (O[«(A—>B)][(A—>B)AO[C]A) [1, =—]
(3) =O[C]B, 0 [1, =—]
(4) O[«(A—B)I(A—B), 0 [2, A]
(5) O[C]A, 0 [2, A]
(6) P[C]—B, 0 [3, —=0O]
(7) Orcl [6, P]

(8) =B, 1 [6, P]

9 A, 1[5,7,0]

4 N

(10) ~«(A—B), 1 [CUT] (11) A—B, 1 [CUT]
(12) Or_(a_, 52 [10, T3] % N

(13) A>B,2[4,12,0]  (14)—=A, 1[11,—>] (15)B, 1[11, =]
(16) =«(A—B), 2 [12, Tal] (17) *[9, 14] (18) *[8, 15]

(19) * [13, 16]
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VK4 (O[B]JAAO[B]C)— O[B](AAC)
(1) =((O[BJAAO[B]C)—O[B](AAC)), 0
(2) O[BJAAO[BIC, 0 [1, =—]

(3) =O[BJ(AAC), 0 [1, =]

(4) O[B]A, 0 [2, A]

(5) O[B]C, 0 [2, A]

(6) P[B](AAC), 0 [3, —O]
(7) Org1 [6, P]

(8) =(AAC), 1 [6, P]
(9) A, 1[4,7, 0]
(10)C, 1[5, 7 0]

4

(11) —|A, 1 [8, _l/\] (12) —|C, 1 [8, _l/\]
(13) * [9, 11] (14) * [10, 12]

VK5 =O[A]-B—(O[AAB]JC+ O[A](B—C))
(1) =(=O[A]-B— (O[AAB]C«O[A](B—())), 0
(2) =O[A]-B, 0 [1, =]
(3) 7(O[AAB]JC«<O[A](B—C()), 0 [1, =]
"4 N

(4) O[AABIC, 0 [3, =] (5) —=O[AABIC, 0 [3, =]
(6) =O[A](B—C),0[3, =]  (7) O[A](B—C), 0 [3, =]
(8) P[A]=(B—C), 0 [6, —O] (9) P[A]—B, 0 [2, —0]

(10) Ora1 [8, P] (11) PJAABI]-C, 0 [5, —O]
(12) =«(B—C), 1 [8, P] (13) Oral [9, P]

(14) B, 1 [12, =] (15) =B, 1[9, P]
(16)—C, 1 [12, =—] (17)B, 1 [15, =]

(18) Ora, 1 [10, 14, To2] (19) Ora, 2 [11, P]

(20)C, 1[4, 18, O] (21)=C, 211, P]

(22) * [16, 20] (23) 0r,2 [13, 17, 19, Ta4]

(24) B, 2[13, 17, 19, To4]
(25)B—C, 2[7, 23, 0]
"4 N

(26) =B, 2 [25, ] (27)C, 2 [25, -]
(28) * [24, 26] (29) * [21, 27]
VK6 O[-AJA— A
(1) ~(O[-AJA—A), 0

(2) O[-AJA, 0 [1, =—]
(4) 0r_al [3, Ta3]
(5)A,1[2,4,0]
(6)—A, 1[4, Tal]
(7) * [5, 6]
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Systemet DFL

Definition O[B]A <> P'[B]LvO'[B]A =
O[B]A <& ((O[B]LvP[B]L)v(P[B]TAO[B]A))

Vinster till hoger
(1) =(O[BJA— ((O[B]LVvP[B]L)V(P[B]TAO[B]A))), 0
(2) O[B]A, 0[1, =—]
(3) =((O[B]LVvP[B]L)V(P[B]TAO[B]A)), 0 [1, =—]
(4) =(O[B]LVvP[B]L), 0 [3, =]
(5) =(P[B]TAO[B]A), 0 [3, —V]
(6) =O[B]L, 0 [4, —V]
(7) =P[B]L, 0 [4, —V]
"4 N
(8) =P[B]T, 0[5, =A] (9) =O[B]A, 0[5, =A]
(10) P[B]—L, 0 [6, =O] (11) * 12, 9]
(12) O[B]—T, 0 [8, —P]
(13) Orgl [10, P]
(14)—L, 1 [10, P]
(15) =T, 1[12, 13, O]
(16) * [15]

Hoger till vanster
(1) =(((O[B]LVvP[B]L)v(P[B]TAO[B]A))— O[B]A), 0
(2) (O[B]LVvP[B]L)V(P[B]TAO[B]A), 0 [1, =—]
(3) =O[B]A, 0 [1, =—]
(4) P[B]—A, 0 [3, =0]
(5) Orgl [4, P]
(6)—A, 1[4, P]
"4 N
(7) O[B]LVP[B]L [2, V] (8) P[B]TAOQ[B]A, 0[2, V]
v N (9) P[B]T, 0 [8, A]
(10) O[B]L,0[7,v] (1) P[B]L,0[7,v] (12)O[B]A, 08, A]
1 2,

(13) L, 1[5, 10,0] (14)0rg2 [11, P] (15) A, 1[5, 12, 0]
(16) * [13] (17) L, 211, P] (18) * [6, 15]
(19) * [17]
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Definition P[B]A <> O'[B]TAP/[B]A =
P[B]A < ((P[B]TAO[B]T)A(O[B].LvP[B]A))

Vinster till hoger

(1) =(P[BJA— ((P[BITAO[B]T)A(O[B]LVP[B]A))), 0
(2) P[B]A, 0 [1, =—]
(3) =((P[BITAO[BIT)A(O[B]LVP[B]A)), 0 [1, =—]
4 N

(4) ~(P[BITAO[BIT), 0 [3, =] (5) ~(O[B]LVP[B]A), 0 [3, =]
¢ N (6) —O[B]L, 0 [5, =]
(7) —P[BI]T, 0 (8) —O[BIT,0[4,—A]  (9)—=P[B]A, 0[5, —v]

(10) O[B]=T,0[7] (11)P[B]-T,0[8,=0]  (12)*[2,9]
(13)Orgl [2,P]  (14) Orgl [11, P]

(15)A, 1[2,P] (16) =T, 1 [11, P]

(17) =T, 1[10,13] (18) *[16]

(19) * [17]

Hoger till vénster

(1) =(((P[B]TAQO[B]T)A(O[B]LVvP[B]A))—>P[BJA), 0
(2) (P[BITAO[B]T)A(O[B]LVvP[B]A), 0 [1, =]
(3) —=P[B]A, 0 [1, —=—]

(4) P[BITAO[B]T, 0 [2, A]

(5) O[B]LVP[B]A, 0 [2, A]

(6) P[B]T, 0 [4, A]

(7) O[B]T, 0 [4, A]

(8) O[B]—A, 0 [3, =P]

"4 N
(9) O[B]L, 0[5, v] (10) P[B]A, 0 [5, V]
(11) Org1 [6, P] (12) Org1 [10, P]
(13)T, 1[6, P] (14) A, 1 [10, P]
(15) L, 1[9, 11, 0] (16) —A, 1 [8, 12, O]
(17) * [15] (18) * [14, 16]
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DFL-0.1. P'[B]A <>—O'[B]—A =
(O[B]LvP[B]A)<>—(P[B]TAO[B]—A)

Vinster till hoger

(1) =((O[B]LVvP[B]JA)——=(P[B]TAO[B]=A)), 0
(2) O[B]LVP[B]A, 0 [1, =—]
(3) ——(P[B]TAO[B]-A), 0 [1, =—]
(4) P[B]TAQO[B]—A, 0 [3, =]
(5) P[B]T, 0 [4, A]
(6) O[B]—A, 0 [4, A]
(7) Orgl [5, P]
@& T, 1[5,P]

"4 N
(9) O[B]L, 0 [2, V] (10) P[B]A, 0 [2, V]
(11) L, 17,9, 0] (12) Org2 [10, P]
(13) *[11] (14) A, 2 [10, P]

(15)=A, 2 [6, 12, 0]
(16) * [14, 15]

Hoger till vénster

(1) =(=(P[B]TAO[B]=A)— (O[B].LVvP[B]A)), 0
(2) =(P[B]TAO[B]=A), 0 [1, =—]
(3) =(O[B]LVvP[B]A),0[1,=—]
(4) =O[B]L, 0 [3, =]
(5) =P[B]A, 0 [3, =V]
(6) P[B]—L, 0 [4, =O]
(7) O[B]—A, 0 [5, —P]
4 N
(8) =P[BIT, 0 [2, =A] (9) =O[B]=A, 0 [2, =A]
(10) O[B]—T, 0 [8, —P] (11) P[B]—A, 0 [9, =0O]

(12) Org1 [6, P] (13) Orgl [11, P]

(14) —L, 1 [6, P] (15) —aA, 1 [11, P]

(16) —T, 1 [10, 12, O] (17)=A, 1[7, 13, 0]
(18) *[16] (19) *[15, 17]
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DFL-1. O'[B]JA—P/[B]A =
(P[B]TAO[B]A)— (O[B].LVP[B]A)

(1) =((P[B]TAO[B]A)— (O[B]LVP[B]A)), 0
(2) P[BITAO[BIA, 0 [1, =—]
(3) =(O[B]LVP[B]A), 0 [1, =—]
(4) P[B]T, 0 [2, A]
(5) O[BIA, 0 [2, A]
(6) =O[BI.L, 0 [3, =]
(7) =P[B]A, 0 [3, =]
(8) O[B]=A, 0 [7, —P]
(9) Org1 [4, P]
(10)T, 1 [4, P]
(11) A, 1[5,9, 0]
(12) =A, 1[8,9,0
(13) * [11, 12]

Notera att denna sats, liksom for ovrigt flera andra satser, kan bevisas redan i
det svagaste dyadiska systemet DDL (plus relevanta definitioner).

]

DFL-2. O'[B](A— C)— (O'[B]A > O'[BIC) =
(P[B]TAO[B](A —C))— ((P[B]TAO[B]JA) — (P[B]TAO[B]C))

(1) =((P[B]TAO[B](A—C))— ((P[BITAO[B]A) = (P[B]TAO[B]C))), 0
(2) P[BITAO[BJ(A—C), 0[1, =]
(3) ~((P[B]TAO[B]A)— (P[BITAO[B]C)), 0 [1, ~—]
(4) P[B]TAO[BIA, 0 [3, =]
(5) =(P[B]TAO[B]C), 0 [3, =—]
(6) P[BIT, 0[2, A]
(7) O[BI(A—C) [2, A]

(8) P[B]T, 0 [4, A]
(9) O[B]A, 0 [4, A]
4 N
(10) =P[B]T, 0 [5, =] (11) =O[B]C, 0[5, =]
(12) * [6, 10] (13) P[B]-C, 0[11,=0]

(14) Ol [13, P]
(15)=C, 1 [13, P]
(16) A—C, 1[7, 14, O]
(17) A, 1[9, 14, 0]
(18) C, 1[16, 17, MP]
(19) * [15, 18]
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DFL-3. O'[B]JA —OO'[B]A =
(P[B]TAO[B]A)— O(P[B]TAO[B]A)

(1) =((P[B]TAO[B]A) » O(P[B]TAO[B]A)), 0
(2) P[B]ITAO[B]A, 0 [1, =—]
(3) =O(P[B]TAO[B]A), 0 [1, =—]
(4) P[B]T, 0 [2, A]
(5) O[BJA, 0 [2, A]
(6) O=(P[B]TAQ[B]A), 0 [3, =[]
(7) =(P[B]TAO[B]A), 1 [6, <]
4 N
(8) =P[BIT, 1 [7, =A] (9) =O[B]A, 1 [7, =]
(10) O[B]T, 1 [8, =P] (11) P[B]-A, 1 [9,=0]

(12) Org2 [4, P] (13) 1rg2 [11, P]
(14) T, 2 [4, P] (15)—A, 211, P]
(16) 112 [12, Ta6] (17) Org2 [13, Ta6]
(18) =T, 2 [10, 16, O] (19) A, 2[5, 17, O]

(20) * [18] (1) * [15, 19]

DFL-4. OA— (P'[B]LVO'[B]A) =
OA— ((O[B]LvP[B]L)v(P[B]TAO[B]A)

(1) =«(CA—((O[B]LVvP[B]L)v(P[B]TAO[B]A)), 0
2)0A,0[1,=—]
(3) =((O[B]LVvP[B]L)V(P[B]TAO[B]A)), 0 [1, =]
(4) =(O[B]LVvP[B]L), 0 [3,=V]
(5) =(P[B]TAO[B]A), 0 [3, —V]
(6) =O[B]L, 0 [4, V]
(7) =P[B]L, 0 [4, =V]
(8) P[B]—L, 0 [6, =O]
4 N
(9) =P[BIT, 0 [5, =A] (10) =O[B]A, 0 [5, =A]
(11) O[B]—T, 09, —P] (12) P[B]-A, 0 [10, =0O]

(13) Orpl [8, P] (14) Org1 [12, P]
(15)—L, 1[8, P] (16) —A, 1 [12, P]
(17) =T, 1[11, 13, O] (18) A, 1[2, 0]
(19) * [17] (20) * [16, 18]
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DFL-00. 0(A <> B)— (O'[A]C <> O'[B]C) =
0(A < B)— ((P[A]TAO[A]C) <> (P[B]TAO[B]C))

—(0O(A < B)— ((P[A]TAO[A]C) <> (P[B]TAO[B]C))), 0
(A< B), 0

—~((P[A]TAO[A]C) <> (P[B]TAO[BIC)), 0

[(A <> B)—(O[A]C <> O[B]C), 0

O[A]C < O[BIC, 0

4 N
P[A]TAO[A]C, 0 —~(P[A]TAO[A]C), 0
—~(P[B]JTAO[BIC), 0 P[B]TAO[BIC, 0
P[A]T. 0 P[BIT, 0
O[A]C, 0 O[B]C, 0
4 N 4 N
O[A]C, 0 —O[A]C, 0 O[AIC,0  —O[A]C, 0
O[BIC, 0 * O[B]C.,0  —O[B]C, 0
"4 N 4 N *
_P[B]T,0 —O[B]C,0 —P[A]T,0 —O[A]C,0
O[B]-T,0 * O[A]=T,0 *
OrAl OrBI
T,1 T, 1
O[A]=T, 0 O[B]—T, 0
71 71
* *

DFL-al. PTA]LVOTA]A =
(O[A]LVP[A]L)V(P[A]TAO[A]A)
(1) =((O[A]LVvP[A]L)V(P[A]TAO[A]A)), 0
(2) =(O[A]LVP[A]L), 0 [1, =Vv]
(3) =(P[A]TAO[A]A), 0 [1, =V]
(4) =O[A]L, 0 [2, =V]
(5) =P[A]L, 0 [2, —=V]
(6) P[A]-L1, 0[4, =0]
4 N
(7) =P[A]T, 0 [3, =] (8) =O[A]A, 0 [3, =]
(9) O[A]-T, 0 [7, =P] (10) P[A]-A, 0 [8, =0]

(11) Ora1 [6, P] (12) Ors1 [10, P]

(13) =L, 1[6, P] (14) =A, 1[10, P]

(15) =T, 1[9, 11, O] (16) A, 1 [12, Tal]
(17) * [15] (18) * [14, 16]
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DFL-0.2. (P[AAB]LVOTAAB]C)— (PTA]LVOTA](B—C)) =
((O[AAB]LVP[AABIL)V(P[AAB]TAO[AAB]C))— ((O[A]LVP[A]L)v
(P[AJTAO[A](B—C)))

(1) =(((O[AAB]LVP[AAB]L)Vv(P[AAB]TAO[AAB]C))—
((O[A]LVP[A]L)V(P[A]ITAO[A]I(B—C)))), 0
(2) (O[AAB]LVP[AAB]L)V(P[AAB]JTAO[AAB]C), 0 [1, =—]
(3) =((O[A]LVP[A]L)V(P[A]ITAO[A](B—C))), 0 [1, =—]
(4) =(O[A]LVP[A]L), O[3, =V]
(5) =(P[A]TAO[A](B— 1)), 0 [3, —V]
4 N

(6) =P[A]T, 0[5, =] (7) =O[A](B—C), 0 [5, —A]
(8) O[A]=T, 0 [6, —P] (9) P[A]~(B—C), 0 [7, —O]
(10) =O[A]L, 0 [4, =] (11) Oral [9, P]
(12) —=P[A]L, 0 [4, =] (13) =«(B—C), 1 [9, P]
(14) P[A]-.L, 0 [10, O] (15) B, 1 [13, =]
(16) OrA1 [14, P] (17) =C, 1 [13, =]
(18) L, 1 [14, P] (19) Orp,g1 [11, 15, Ta2]
(20) T, 1 [8, 16, O] ¢ N
(21)*[20]  (22) O[AAB]LVP[AAB]L,0 (23)P[AAB]TA
% N O[AABIC, 02, V]
(24) O[AAB]L (25) P[AABIL, 0[22,v] (26) P[AABIT, 023, A]
(27) L, 1[19, 24, 0] (28) Or 52 [25, P] (29) O[AABIC, 0 [23, A]
(30) * [27] (31) L, 2[25,P] (32) C, 1[19, 29, O]
(33) * [31] (34) * [17, 32]

DFL-03. OA—O'[A]T =
OA— (P[A]TAO[A]T)

(1) =(CA— (P[A]TAO[A]T)), O
2) <A, 01, =]
(3) =(P[A]TAO[A]T), 0 [1, =]
v N
(4) =P[A]T, 0 [3, =] (5) =O[A]T, 0 [3, =]
(6) O[A]-T, 0 [4, —P] (7) P[A]-T, 0[5, =0]

(®) A, 1[2, O] (9) Oral [7, P]
(10) OrA2 [8, Ta3] (11) =T, 1 [7,P]
(12) =T, 2 [6, 10, O] (13) * [11]
(14) * [12]
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DFL-04. (O'[A]TAPA]B)— ((P[A]LVO'TA](B— C))— (PTAAB]LVO'A
ABIC)) =
((P[A]TAO[A]T)A(O[A]LVP[A]B))—> ((O[A]LvP[A]L)v(P[A]TAO[A](B
—()))— ((O[AAB]LVP[AAB]L)vV(P[AAB]TAO[AAB]C)))
(1) =(((P[A]T AO[A]T)A(O[A]LvP[A]B))— ((O[A]LVP[A]L)V (P[A]T A
O[A](B—C)))— (O[AAB]LVP[AAB]L)v(P[AAB]TAO[AAB]C)))), 0

(2) (P[A]TAO[A]T)A(O[A]LVP[AIB)), 0 [1, =]

(3) =(((O[A]LVP[A]L)V(P[A]TAO[A](B—C)))—> (O[AA

B]LvP[AAB]L)V(P[AAB]TAO[AAB]C))), 0 [1, =]

(4) P[A]TAO[A]T, 0 [2, A]

(5) O[A]LVP[A]B, 0 [2, A]

(6) (O[A]LVP[A]L)v(P[A]TAO[A](B—C))), 0 [3, =]

(7) =((O[AAB]LVP[AAB]L)

V(P[AAB]TAO[AABIC)), 0 [3, —=—]

(8) P[A]T, 0 [4, A]

(9) O[A]T, 0 [4, A]

(10) =(O[AAB]LVP[AABIL), 0 [7, =]

(11) =(P[AABJTAO[AABIC), 0 [7, =]

(12) =O[AABIL, 0 [10, -]

(13) =P[AABIL, 0 [10, =]

"4 N
(14) O[A]L, 0[5, V] (15) P[AIB, 0 [5, V]
(16) OrA1 [8, P] (17) P[AABI]-L, 0 [12, —O]
(18) T, 1 [8, P]
(19) L, 1 [14, 16, O] v N
(20)*[19] (21) O[A]LVP[A]L,0  (22) P[A]TAO[A](B—C), 0[6, V]
% N (23) P[A]T, 0 [22, A]

(24)0[A]L,0 (25) P[A]L, 0[21,V] (26) O[A](B—C), 0 [22, A]
(27) Oral [8] (28) Oral % N
9T, 1[8] (30)L,1  (31)=P[AABIT,0 (32)—O[AAB]C,0[11,—A]
(33)L, 1 (34)*[30] (35) O[AAB]=T,0 (36) P[AAB]—C,0[32,—O]
(37) * [33] (38) Orp,51 [17,P] (39) Oral [15, P]
(40)—L, 1 [17,P] (41)B, 1[15,P]
(42) =T, 1[35,38] (43) Ora .52 [36, P]
(44) * [42] (45) =C, 2 [36, P]
(46) Orp2 [39, 41, 43, Tad]
(47) B, 2 [39, 41, 43, Ta4]
(48) B—C, 2 [26, 46, O]
(49) C, 2 [47, 48, MP]
(50) * [45, 49]
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Lewissystem

Lwl. P'[C]A<>—O'[C]—A é&r bevisad ovan.

Lw2. O'[C](AAB)«<> (O'[CIAAOQO'[C]B) =
(P[CITAO[CI(AAB))<> ((P[CITAO[C]JA)A(P[C]TAO[C]B))

Vanster till hoger
(1) =((P[C]ITAO[C](AAB))— ((P[CITAO[CJA)A(P[C]TAO[C]B))), 0
(2) P[C]ITAO[C](AAB), 01, =—]
(3) =((P[CITAO[CJA)A(P[C]TAO[C]B)), 0 [1, =—]
(4) P[C]T, 0 [2, A]
(5) O[CI(AAB), 0[2, A]
"4 N
(6) =(P[C]TAO[C]A), 0 [3,=A] (7)) =(P[CITAO[C]B), 0 [3, —A]
"4 N 4 N

(8) =P[C]T, 0 (9) =O[C]A [6] (10) =P[C]T, O (11)=0[C]B, 0 [7]

(12) * (13) P[C]—A, 0 [9] (14) * [4, 10] (15) P[C]-B, 0 [11]
(16) Orcl [13, P] (17) Orcl [15, P]
(18) =A, 1 [13, P] (19)—B, 1[15, P]
(20) AAB, 1[5, 16, O] (21) AAB, 1[5, 17]
(22) A, 1[20, A] (23) A, 121, A]
(24) B, 1[20, A] (25)B, 1[21, A]
(26) * [18, 22] (27) *[19, 25]

Hoger till véanster
(1) =(((P[C]TAO[C]A)A(P[C]TAO[C]B))— (P[C]ITAO[C](AAB))), 0
(2) (P[C]ITAO[C]A)A(P[C]ITAOIC]B), 0 [1, =]
(3) =(P[CITAO[C](AAB)), 0 [1, =—]

(4) P[CJTAOQ[C]A, 0 [2, A]

(5) P[CITAO[C]B, 0 [2, A]
(6) P[C]T, 0 [4, A]
(7) O[C]A, 04, A
(8) P[C]T, 0[5, A]
(9) O[C]B, 0 [5, A]

v

N
(10)=P[C]T,0[3,=A]  (11)=O[C](AAB), 0 [3, =A]
(12) * 6, 10] (13) P[C]~(AAB), 0 [11, —O]

(14) Orc1 [13, P]
(15) =(AAB), 1 [13, P]

(16) A, 1[7, 14, 0]
(17) B, 1 [9, 14, O]
"4 N
(18) =A, 1 [15, —A] (19) =B, 1[15, =]
(20) * [16, 18] (21) * 17, 19]
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Lw3. O'[C]JA—P'[C]A éir bevisad ovan i DFL.

Lw4. O'[C]T—O'[C]C =
(P[C]T AO[C]T)—> (P[C]T AO[C]C)

(1) =((P[C]TAO[C]T) = (P[C]TAO[C]C)), 0
(2) P[CITAO[C]T, 0 [1, =—]
(3) =(P[CITAOI[C]C), 0 [1, =—]
(4) P[C]T, 0 [2, A]
(5) O[C]T, 0 [2, A]
4 N

(6) =P[C]T, 0 [3, =] (7) =O[C]C, 0 [3, —A]
(8) * [4, 6] (9) P[C]-C, 0 [7, =0]
(10) Orc1 [9, P]

(11)=C, 1[9, P]
(12) C, 1[10, Ta1]
(13) * 11, 12]

LwS. O'[C]T>O'[BvC]T =
(P[C]T AO[C]T)— (P[BVC]TAO[Bv C]T)

(1) =((P[C]TAO[C]T)—> (P[BVC]TAO[BVC]T)), 0
(2) P[CITAOIC]T, 0 [1, =—]
(3) =(P[BvC]TAO[BVCIT), 0 [1, =—]
(4) P[C]T, O [1, A]
(5) O[CIT, 0 [1, A]
4 N

(6) =P[BVC]T, 0 [3, =] (7) =O[BVCIT, 0 [3, =]
(8) O[BVC]—T, 0 [6, —P] (9) P[BvC]—T,0[7, 0]
(10) Orcl1 [4, P] (11) Orp,c1 [9, P]
(12)T, 1 [4,P] (13) =T, 1[9, P]
¢ N (14) * [13]

(15) ~(BvC), 1 (16) BvC, 1 [CUT]
(17) =B, 1 [15, =v] (18) Or,c2 [16, Ta3]
(19) =C, 1 [15,—v] (20)—T, 28, 18, O]
(21)C, 1[10, Tal] (22) * [20]

(23) *[19, 21]
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Lw6. (O'[BJAAO'[CIA)—=O'[BvC]A =
((P[B]JTAO[BJA)A(P[C]ITAO[C]A)) = (P[BVCITAO[BVC]A)
(1) =(((P[B]ITAO[B]A)A(P[C]TAO[C]A))— (P[BVC]TAO[BVC]A)), 0
(2) (P[B]TAO[BJA)A(P[CITAO[C]A)), 0 [1, =]
(3) =(P[BVC]TAO[BVC]A), 0 [1, =—]
(4) PIB]TAO[B]A, 0 [2, A]
(5) P[CITAO[C]A, 0 [2, A]
(6) P[B]T, 0 [4, A]
(7) O[B]A, 0 [4, A]
(8) P[CIT, 0[5, A]
(9) O[C]A, 0[5, A]

"4 N
(10) =P[BVC]T, 0 [3, —A] (11) =O[BVC]A, 0 [3, —A]
(12) O[BVvC]~T, 0 [10, —P] (13) P[BvC]—A, 0 [11, —0]
(14) Org1 [6, P] (15) OB ((BvC)AB)), 0 [GA]
(16) T, 1 [6, P] (17) O[(BVC)ABIA, 0[7, 15]
(18) B, 1 [14, Ta1] (19) O(C> ((BvC)AC)), 0 [GA]
v N (20) O[(BvC)AC]A, 0 [9, 19]

(21)=(BvC),1  (22)BVvC, 1 [CUT] (23)Ors,cl [13, P]
(24) =B, 1 [21, —v] (25) Orp,c2 [Ta3]  (26) =A, 1 [13, P]
(27)—C, 1[21,—v] (28)—T,2[12,25] (29)BvC, 1 [23, Tal]

(30) * 18, 24] (31) * [28] v N
(32)—B, 1 [CUT] (33)B, I [CUT]
¢ N (34) Org, )8l
(35)B,1[29]  (36)C, 1[29] (37) A, 1[17,34]

(38)*[32,35]  (39) Or.cyhcl (40) * [26, 37]
(41) A, 120, 39, O]
(42) * [26, 41]

Nod (39) ovan hirleds fran nod (23) och nod (36), och nod (34) fran (23) och
(33), bdda med Ta2. I beviset av satsen Lw7 nedan har vi anvént regeln
(Global Assumption (GA)) (se Ronnedal 2009b) och adderat O0—-C — (B v
C)«>B) vid nod (8). O-C—0O((BvC)«> B) ar ett teorem 1 TG, vilket enkelt
kan bevisas med hjélp av en semantisk tabld. Nod (20) och (21) hérleds fran
nod (4) med hjilp av (v), och nod (24) hérleds frdn nod (15) med hjélp av
(Ta3). Nod (25) och nod (29) foljer fran nod (21) med hjilp av (P). Nod (28)
fas fran nod (20) och nod (24) med O-regeln. Nod (16) hérleds fran nod (13)
med hjélp av (—P). Nod (26) foljer fran nod (10) och nod (16) med hjélp av
DR2, och nod (27) fran nod (7) och nod (10) med hjélp av DR1.

Vid nod (24) i beviset av Lemma 2 nedan, har vi ocksd anvént regeln
(Global Assumption) och adderat CJ(((Bv C) A B) <> B). Aven denna sats kan
latt bevisas i TG. Nod (13) och (14) fas frén nod (4) med hjélp av (v).
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Lw7. (P[C]LAOBvC]A)—O'[B]JA =
((O[C]LVP[C]L)A(P[BvC]TAO[BVC]A))—> (P[B]ITAO[B]A)
(1) =(((O[C]LVP[C]L)A(P[BvC]TAO[Bv C]A))— (P[B]TAO[B]A)), 0
(2) (O[C]LVP[C]L)A(P[BvCITAO[BVC]A), 0 [1, =]
(3) =(P[B]TAO[B]A), 0 [1, =]
(4) O[C]LVP[C]L, 0 [2, A]
(5) P[BVC]TAO[BVCIA, 0 [2, A]
(6) P[BVC]T, 0[5, A]
(7) O[BvC]A, 0[5, A]
(8) O-C—((BvC) <> B), 0 [GA, Lemma]
"4 N

(9) —=0—C, 0 [8, =] (10) O((BvC)<>B), 0 [8, =]

(11) O——C, 0 [9, =] ¢ N

(12) —C, 1 [11, O] (13) —P[B]T, 0 (14) =O[BJA, 0 [3, =]

(15)C, 1[12, =] (16) O[B]—T, 0 (17) P[B]-A, 0 [14, —O]
v N (18) Org,c1[6,P]  (19) Orgl [17, P]

(20) O[C]L,0 (21)P[C]L,0 (22)T, 1[6, P] (23) A, 1 [17, P]

(24) 0rc2 Ta3 (25)0rc2  (26) O[BvC]=T,0 (27) O[BJA, 0
(28) 1,2 (9)L,2  (30)—T, 1[18,26] (31)A, 119,27, 0]
(32)*[28]  (33)*[29]  (34) * [30] (35) * [23, 31]

I beviset av Lw8 kommer vi att anvinda flera hjdlpsatser och ett par hirledda
regler.

Lemma 1 (L1). O'[BvC]A—O'[BVC]T.

Lemma 2 (L2). (P'[BvC]BAO'[BVvC]A)— O'[B]T.

Lemma 3 (L3). (O'[BvC]TAP[BvC]B)— ((P'[BvC]LVvO'[BVvC](B—A))
—(OT(BvC)AB]T-OT(BvC)AB]A)).

Lemma 4 (L4). O'[BvC]A— (P'[BvC]LvO'[BvC](B— A)).

Lemma 5 (L5). OB« ((BvC)AB)).

Haérledd regel (DR10) Hérledd regel (DR11)
OA<B),i OA<B),i
OTAIC, i O'[B]C, i
\) \)

O'[B]C, i O'TA]IG, i

Vi skall bevisa Lemma 2. Ovriga bevis ir relativt enkla och kan limnas till
lasaren. Notera att Lemma 3 kan hérledas fran f6ljande sats: (OTA]T A
PTAIB) = ((P'TA]L v O'TA]I(B — C)) > (PTA AB]L v O'[A AB]C)) som kan
bevisas med hjélp av relevanta definitioner och tablaregeln Ta4.
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Lemma 2 (P'[BvC]BAO'[BVC]A)—O'[B]T =
((O[BvC]LvP[BvCIB)A(P[BVC]TAO[BVC]A))— (P[B]TAO[B]T)
(1) =(((O[BvC]LVvP[BVCIB)A(P[BVC]TAO[BVC]A))— (P[B]TA
O[B]T)), 0
(2) (O[BvC]LvP[BVCIB)A(P[BVC]TAO[BVC]A), 0 [1, =—]
(3) =(P[B]TAO[B]T), 0 [1, =—]

(4) O[BVC]LVP[BVC]B, 0 [2, A]
(5) P[BVCITAO[BVCIA, 0 [2, A]
(6) P[BVC]T, 0[5, A]
(7) O[BVC]A, 0[5, A]
"4 N
(8) —=P[BI]T, 0 [3, =] (9) —O[B]T, 0 [3, —=A]
(10) O[B]—=T, 0 [8, —P] (11) P[B]=T, 0 [9, —=O]
N (12) Org1 [11, P]
(13) O[BvC] 0 (14)P[BVC]B,0[4,v]  (15)—=T, 1 [11, P]
(16) Org,c1 [6 ] (17) Org, c1 [14, P] (18) * [15]
(19)T, 1[6, P] (20) B, 1 [14, P]

(1)L, 1[13,16]  (22) Orgucy.sl [17, 20, To2]
(23) * [21] (24) O((BvC)AB) <> B), 0 [GA, Lemma]
(25) O[(BvC)AB]—T, 0 [10, 24 DR2]
(26) —T, 1 [22, 25, O]
(27) * [26]

Lw8. (P[BvC]BAO[BvC]A)—O'[B]A
(1) =((P'[BvC]BAO'[BvC]A)— O'[B]A), 0
(2) P[BvCIBAOBVCIA, 0 [1, =]
(3) =O'[BIA, 0 [1, =]
(4) P[BVC]B [2, A]
(5) O'[BVCIA, 0 [2, A]
(6) O'[BVCIT, 0[5, GA, L1, MP]
(7) O'[BT, 0 [2, GA, L2, MP]
(8) (O'[BvC]TAP[BvC]B)— ((P'[BvC]LvO[BvC](B—A))— (O[(BVC)
AB]T—)O'[(BVC)/\B]A)), 0 [GA, L3]

(9)—|(O[BVC]T/\P[BVC]B) o (10)(P[B\/C]J_v0[BvC](BeA))—>
(O'[(BVC)AB]T—O'[(BVC)ABJA), 0
(11) (12) (13) P[BvC]LvO'[BVvC](B—A), 0 [L4]
—O'[BVC]T,0 —P[BvC]B,0 (14) O'[(BvC)ABIT—O(BvC)AB]A,0
(15)* [6,11] (16)*[4,12]  (17) OB < ((BvC)AB)), 0 [GA, L5]
(18) O'[(BVC)ABIT, 0[7, 17, DR10]
(19) O'[(BvC)AB]A, 0 [14, 18, MP]
(20) O'[B]A, 0[17, 19, DR11]
1) *[3,20]
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Lw9. O'[T]T = P[TITAO[T]T
(1) ~(P[TITAO[T]T), 0
"4 N

(2) =P[T]T, 0 [1, =A] (3) =O[T]T, 0 [1, =A]
(4) O[T]T, 0[2, =P] (5) P[T]—T, 0 [3,=0]
v N (6) Orrl [5, P]
(7)—T,0 (8) T, 0[CUT] 9T, 1[5,P]
(10) * [7] (11) Orr1 [8, Ta3] (12) * 9]
(13)—-T,1[4,11,0]
(14) * [13]

Lw10. A—O'TA]T = A—(P[A]TAO[A]T)
(1) =(A—=(P[A]TAO[A]T)), 0
2)A,0[1, =]
(3) =(P[A]TAO[A]T), 0 [1, =—]
4 N
(4) =P[A]T, 0 [3, =] (5) =O[A]T, 0 [3, =]
(6) O[A]-T, 0 [4, —P] (7) P[A]-T, 0[5, =0]

(8) Oral [2, Ta3] (9) Oral [7, P]
(10)—T, 1 [6, 8, O] (11) =T, 1 [7, P]
(12) * [10] (13) * [11]

Lwll. OTA]T—PPTA]LLL =
(P[A]T AO[A]T)—> (O[O[A]LvP[A]L]LvP[O[A]LVP[A]L]L)
(1) —((P[A]T AO[A]T)—> (O[O[A]Lv P[A]L]L v P[O[A]Lv P[A]L]L)), O
(2) PLAJTAO[A]T, 0 [1, ——]
(3) ~(O[O[A]LvP[A]L]LvP[O[A]LvP[AILIL)), 0 [1, =—]
(4) P[AT, 0 [1, A]
(5) O[A]T, 0 [1, A]
(6) —O[O[A]LVP[A]L]L, 0 [3, -]
(7) <PIOIALLVPIALLIL. 0 3. ]
(8) P[O[A]LVP[A]L]=L, 0 [6, =O]
(9) Oropajopan! [8, P]
(10) =L, 1[8, P]
(11) O[A]LVP[A]L, 19, Tal]
v N

(12) O[A]L, 1 [11, V] (13) P[A]L, 1 [11, V]

(14) Ora2 [4, P] (15) 11,2 [13, P]
(16) T, 2[4, P] (17) L, 213, P]
(18) Ir\2 [14, Ta6] (19) * [17]
(20) 1, 212, 18, 0]
(21) * [20]
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Lwli2. O'[BJA—P[-0O'[B]A]L =
(P[B]TAO[B]A)— (O[—(P[B]TAO[B]JA)]LVP[—(P[B]TAO[B]A)]L)
(1) =((P[B]TAO[B]JA)— (O[=(P[B]TAO[B]JA)]LVP[—=(P[B]TAO[B]A)]L)),0
(2) PBITAQ[B]A, 01, =—]
(3) =(O[—~(P[B]TAO[B]A)]Lv
P[—(P[B]JTAO[B]A)]l1),0 [1,——]
(4) P[B]T, 02, A]
(5) O[B]A, 0 [2, A]
(6) =O[—(P[B]TAO[B]A)]L, 0 [3, —V]
(7) =P[~(P[B]TAO[B]A)]L, 0 [3, —V]
(8) P[(P[B]TAO[B]A)]—L, 0 [6, —O]
OL(P[B]TAO[B]A)1 8P
0)—L, 1 [8, P]
(11) =(P[B]TAO[B]A), I [9, Tal]
"4 N

(12) =P[B]T, 1 [11,=A]  (13)—=O[B]A, 1 [11, =]
(14) O[B]—T, 1 [12,—P]  (15) P[B]-A, 1 [13, —O]

(16) Org2 [4, P] (17) 1rg2 [15, P]
(18)T, 2[4, P] (19) =A, 2 [15, P]
(20) 1152 [16, Ta6] (21) Org2 [17, Ta6]
(22) —T, 2 [14, 20, O] (23) A, 2[5, 21, O]
(24) * [22] (25) * [19, 23]

Lwl13. P[BJA—P'[—P'[B]JA]L =
(O[B]LVvP[B]A)— (O[=(O[B]LVP[B]A )]J.vP[—(O[B]J.vP[B]A)]J_)
(1) =((O[B]LVvP[B]A)— (O[—=(O[B]LVvP[B]A)]LVP[=(O[B]Lv
P[B]JA)]L ))
(2) O[B]LVP[B]A, [1 ——]
3) —|(O[—|(O[B]J_v BJA)]Lv
P[—(O[B]LVvP[B]A)]L), 01, =—]
(4) —=O[—(O[B]LVvP[B]A)]L, 0 [3, =V]
(5) =P[—=(O[B]LVvP[B]A)]L, 0 [3, —V]
(6) P[~(O[B]LVvP[B]A)]-L, 0 [4, =0]
7) Or—.(O[B]LvP[B]g)IP[67 P]
(9) =(O[B]LVvP[B]A), 1 [7, Tal]
(10) =O[B]L, 1 [9, —V]
(11) =P[B]A, 1 [9, —V]
(12) P[B]—L, 1 [10, =O]
(13) O[B]—-A, 1 [11,—P]
'4 N

(14) O[B]L, 0 [2, V] (15) P[B]A, 0 [2, V]
(16) 1132 [12, P] (17) Org2 [15, P]
(18) =L, 2 [12,P] (19) A, 2 [15, P]

(20) Org2 [16, Ta6] (1) 1rg2 [17, Tab]

(22) 1,214, 20, O] (23) =A, 2 [13, 21, 0]

(24) * [22] (25) * [19, 23]
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Van Fraassens system

vF1. P'[B]JA < —-0'[B]-A

vF2 (= DFL-2). O'[B](A—C)—(0'[B]JA—O'[B]C)
vF3 (=Lw3). O'[BJA—>P'[B]JA

vF4. OTA]IB—> O'[A](BAA)

vF5. O[AvB]-B—(0'[BvC]-C— OTAVvC]-C)
vF6. P[AVB]A— (O'[BvC]-C—O'[AVC]-C)
vE7. OTAvB]-B— (P'[BvC]B— O'TAvC]-C)

Innan vi bevisar van Fraassens axiom skall vi gd igenom G1-G7. Vi anvénder
sedan dessa teorem som hjilpsatser i vara bevis. Bevisen av vF5-vF7 ér
kanske de svaraste och kréver ett ganska stort matt av kreativitet.

Gl1.O[A]lL->0O-A
(D) =(O[A]L—>0O-A), 0

(2) O[A]L, 01, =—]

(4) &——A, 0[3, -]
5)—A, 1[4, O]
6) A, 1[5, —]
(7) Ora2 [6, Ta3]
®)L,2[2,7,0]

9) *[8]

G2. P[A]IB—(P[AAB]C—P[A](BAQ))
(1) =(P[A]B— (P[AAB]C—P[A](BAC))), 0
(2) P[AIB, 0 [1, =—]
(3) =(P[AAB]JC—P[A](BAC)), 0 [1, =—]
(4) PIAABIC, 0 [3, ——]
(5) =P[A](BAC), 0 [3, =—]
(6) O[A]=(BAC), 0[5, —=P]
(7) Oral [2, P]
®)B,1[2,P]
(9) Ora 52 [4, P]
(10)C, 2[4, P]
(11) 0ra2 [7, 8,9, Tad]
(12)B,2[7,8,9, To4]
(13) «(BAC), 2 [6, 11, O]
4 N
(14) =B, 2 [13, =] (15) —=C, 2 [13, =]
(16) * 12, 14] (17) * [10, 15]
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G3. O[AvB]-B—O[AvBvC]-B
(1) ~(O[AVvB]-B—O[AVBvC]=B), 0
(2) O[AVBI]-B, 0 [1, =]
(3) =O[AVBVC]=B, 0 [1, —=—]
(4) P[AvBvC]=B, 0 [3, =0]
(5) Oraup.cl [4, P]
(6) ——B, 1[4, P]
(7) AVBVC, 1[5, Tal]
N

"4
(8) =(AvB), 1 [CUT] (9) AvB, 1 [CUT]

(10) =A, 1 [8,—Vv] (11) OrayBvoyaavml [5, 9, Ta2]
(12) =B, 1 [8, =] (13) O(((AvBVvC)A(AVB))<>(AVvB)), 0 [GA]
(14) * [6, 12] (15) O[(AvBVvC)A(AVB)]-B, 0 [2, 13, DR2]

(16)=B, 1[11, 15, O]
(17) * [6, 16]

Innan vi bevisar G4 skall vi bevisa ett antal hjdlpsatser (Lemma 1-4) och
slutledningsregler (HR1 och HR2).

Lemma 1 (L1) O(B—C)—(P[A]B—P[A]C)
(1 —|(D(B—>C)—>(P[A]B—>P[A]C)), 0
2)Om—C),0 — ]

() =(PLAIB - PIAIC
(4) P[A]B, 0 [3,
®)] —|P[A]C 0[3,— ]
(6) O[A]-C, 0 [5 —P
(7) Oral [4 P]
(8)B, 1[4, P]
9)—-C,1]6,7,0]
(10) B—)C, 1 [2, O]
(11)C, 18, 10, MP]
(12)* 9, 11]

Lemma 2 (L2) O(B—C)—(O[A]B—O[A]C)
(1) ~-(OB—-C)—(O[A]B—O0[A]C)), 0
2)OB—C),0[1,=—]
(3) ~(O[A]B—O[A]C), 0 [1, =—]
(4) O[A]B, 0 [3, =—]
(5) =0O[A]C, 0 [3, ——]
(6) P[A]-C, 0[5, —=0]
(7) Oral [6, P]
(9)B,1[4,7, 0]
(10)0B—C,1[2,0
(11 C, 19,10, MP]
(12) *[8, 11]
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Harledd regel (HR1) Harledd regel (HR2)
OB—0),i OB—C),1
P[A]B, i O[A]B, i
\) \)

P[A]C, i O[A]G, i

Bevis av HR1
(HOB—C),1i
(2) P[A]B, i
(3) dB—C)— (P[A]B—P[A]C), i [GA, Lemma 1]
(4) PIA]B—P[A]C,i[1, 3, MP]
(5) P[A]C,1[2, 4, MP]

Bevis av HR2
(HhOB—C0),i
(2) O[A]B, i
(3) OB—C)—(O[A]B—O[A]C), i [GA, Lemma 2]
(4) O[A]IB—O[A]C,i[1, 3, MP]
(5) O[A]C,i[2, 4, MP]

Lemma 3 (L3). O(—=—C—(BvC)).

Lemma 4 (L4). (=B —((BvC)——B)).

Lemma 5 (L5). [AVBVC](BvC)— (O[AVvBVC](BvC)——B)—>O[(Av
BvC)A(BvC)]—B). Enkelt!

Lemma 6 (L6). O(((AvBVvC)A(BvC))«>(Bv(Q))
—=O((AvBvCOA(BVC)«(Bv()),0
O—(((AvBVC)ABVC)«—(Bv(Q)), 0

—((AvBVvC)A(BVC))« (BVQO)), 1
v

N
(AvBvO)ABVO), 1 —=((AvBvC)A(BVQ)), 1
—(BvO), 1 Bv(C, 1
AvBv(C, 1 v N
Bv(C, 1 —-(AvBv(), 1 —(Bv(), 1
—-B, 1 —A, 1 —B, 1
—C, 1 —B, 1 —C, 1
v N -G, 1 v N
B, 1 C, 1 v N B,1 C1
* * B,1 C,1 * *

* *
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Vi kan nu visa att G4, (O[AvB]-BAP[BVvC]B)— O[AVvBvVC]-C, ar ett
teorem i TG.

(1) =((O[AvB]=BAP[BvC]B)— O[AvBvC]-C), 0
(2) O[AVB]-BAP[BVC]B, 0 [1, =]
(3) =O[AVBVC]-C, 0 [1, =]
(4) O[AVB]-B, 0 [2, A]
(5) P[BvC]B, 0 [2, A]
(6) P[AVBvC]——C, 0 [3, —0]
(7) O(=—C—(BvC)), 0 [GA, Lemma 3]
(8) PJAVBVC](BvC), 0 [6, 7, HR1]
(9) O[AvB]-B—O[AVvBVC]-B, 0 [GA, G3]
(10) O[AvBvC]-B, 0 [4, 9, MP]
(11) O(=B—((BvC)——B)), 0 [GA, Lemma 4]
(12) O[AvBvC]((BvC)——B), 0 [10, 11, HR2]
(13) P[AVBVC](BvC)—(O[AvBvC](BvC)——B)

—O[(AvBvC)A(BVC)]—=B), 0 [GA, Lemma 5]

(14) O[AvBvC](BvC)——B)
—O[(AvBvC)A(BVC)]-B, 08, 13, MP]
(15) O[(AVBVC)A(BvC)]—B, 0 [12, 14, MP]
(16) O(((AVBV C)A(BVC))<> (BvC)), 0 [GA, Lemma 6]
(17) O[BvC]-B, 0 [15, 16, DR1]
(18) Orp.cl [5, P]
(19) B, 1[5, P]
(20) =B, 1[17, 18, O]
(21) * 19, 20]

G5. P[AvB]A—P[AVBVC]T
(1) =(P[AvB]A —P[AVBVC]T), 0
(2) PIAVBIA, 0 [1, =]
(3) =P[AVBVC]T, 0 [1, =]
(4) O[AVBVC]—T, 0 [3, —P]
(5) Ora, 51 [2, P]
(6) A, 1[2,P]
4 N

(7) ~(AvBvC), 1 [CUT] (8) AvBvC, 1 [CUT]

(9)—A, 1[7,-v] (10) Orayp.c2 [8, Ta3]
(11)* [6, 9] (12)—T, 2[4, 10, O]
(13) * [12]
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G6. PIAVB]JA—P[AVC]T
(1) =(P[AVB]A—P[AVC]T), 0
(2) PIAVBIA, 0 [1, =—]
(3) =P[AVCIT,0[1, =—]
(4) O[AvC]—T, 0[3, —P]
(5) Oraygl [2, P]
(6) A, 1[2,P]
4 N

(7) ~(AvC), 1 [CUT] (8) AvC, 1 [CUT]

(9)—A, 1[7,=v] (10) Ora,c2 [8, Ta3]
(11) *[6, 9] (12) =T, 2[4, 10, O]
(13) * [12]

G7. (P[AVBITAO[AVB]-B)—P[AVB]A
(1) =((P[AVB]TAO[AvB]-B)—P[AVB]A), 0
(2) PIAVB]TAO[AVBI]-B, 0 [1, =]
(3) —=P[AVBIA, 0 [1, =—]
(4) PIAVBIT, 0 [2, A]
(5) O[AVBI]=B, 0 [2, A]

(6) O[AVB]=A, 0 [3, —P]
(7) Orp Bl [4 P]
)T, 1[4, P]
9 —B,1]5,7,0]
(10) —A, 1[6 7 O]
(1) AvB, 17, T(xl]
4 N
(12) A, 111, v] (13)B, 111, V]
(14) * 10, 12] (15) * 9, 13]

vF1 — 3 har redan bevisats ovan.

vF4. O'[A]B—O[A](BAA) = (P[A]TAO[A]B)— (P[A]TAO[A](BAA))
(1) ~((P[A]TAO[A]B) = (P[A]TAO[A](BAA))), 0
(2) PIA]TAO[A]B, 0 [1, =]
(3) =(P[AJTAO[A](BAA)), 0 [1, =]
(4) PIA]T, 0 [2, A]
(5) O[A]B, 0 [2, A]
4 N

(6) —P[A]T, 0 [3, =] (7) =O[A](BAA), 0 [3, =]
(8) * [4, 6] (9) P[A]=(BAA), 0 [7, =0O]
(10) Oral 9, P]
(11) =(BAA), 1 [9, P]
(12) A, 110, Ta1]
(13) B, 1[5, 10, O]
"4 N

(14) =B, 1 [11, 5] (15)=A, 1 [11, 2]
(16) * [13, 14] (17) *[12, 15]
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vF5. O'[AvB]-B—(0'[BvC]-C— O'[AvC]-C)
O'[AvB]-B— (O'[BvC]-C—O'TAVC]-C) =
(P[AVB]TAO[AVB]-B)— ((P[BVvC]TAO[BVvC]-C)— (P[AVC]TAO[AV
Cl-0))
Nér vi har bevisat vF6 (nedan) kan vi enkelt bevisa vF5 med hjilp av
foljande lemma. Detaljerna ldmnas till 1dsaren.
O'[AvB]-B—PTAVB]A =
(P[AVB]TAO[AVB]-B)—(O[AVB]LVP[AVB]A)
(1) =((P[AVB]TAO[AVB]-B)— (O[AVB]LVP[AVB]A)), 0
(2) PIAVB]TAO[AVB]-B, 0 [1, =—]
(3) =(O[AVB]LVP[AVB]A), 0 [1, =—]
(4) PLAVBIT, 0 [2, A]
(5) O[AVB]-B, 02, A]
(6) =O[AVBIL, 0[3, —=v]
(7) =P[AVBI]A, 0 [3, —=V]
(8) O[AVB]-A, 0[7, —P]
(9) Ora g1 [4, P]
(10) T, 1[4, P]
(11)=B, 1[5, 9, 0]
(12) =A, 1 (8,9, O]
(13) AvB, 1 [9, Tal]
4
(14) A, 113, V] (15)B, 1[13,v]
(16) * [12, 14] (17)*[11,15]

vF6. P[AVB]A—(O'[BvC]-C—OTAVC]-C) =
(O[AVB]LVP[AVB]A)— ((P[BVCITAO[BVC]-C)— (P[AVC]TAO[AV
Cl-0))
Beviset av vF6 ér ldngt. S& jag har delat upp det i flera delbevis. I de
semantiska tablderna anvénder jag ett antal hjdlpsatser; L1 = Lemma 1, L2 =
Lemma 2 etc. Alla dessa hjilpsatser kan relativt enkelt bevisas i TG.
(1) =((O[AVB]LVvP[AVB]A)— ((P[BVvC]TAO[BVC]-C)— (P[AVC]TA
O[AVC]-())), 0
(2) O[AVB]LVP[AVBIA, 0
3) =((P[BvC]TAO[BVC]-C)—
(P[AVC]TAO[AVC]=(0)), 0
(4) P[BVC]TAO[BVC]-C, 0
(5) =(P[AVC]TAO[AVC]-C), 0
(6) P[BVC]T, 0
(7) O[BvC]-C, 0
4 N
(8) O[AVBI]L, 0 (9) PLAVBIA, 0
T1 T2
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T1
O[AVBI]L, 0
O[AVB]L—0O—(AVB), 0 [GA, L1]
O—(AvB), 0 [MP]
O—(AvB)=>O((BvC)«(Av(Q)), 0 [GA, L2]
O((BvC)«>(Av()), 0 [MP]
P[AVCI]T, 0 [6, sats omedelbart ovan, DR3]
v N

—P[AVC]T, 0 —O[AVC]-C, 0[5, =A]
* O[AvC]—-C, 0[7, DR1]
%

T2
P[AVBIA, 0
P[AVBVC](AvB)— (P[(AvBvC)A(AvB)](Av—B)—P[AVBVC]((AVB)
A(Av—=B))), 0 [GA, G2]
O[AvBVC](AVBVC), 0 [GA, L3]
O[BvC]-C—O[AVBVC]-C, 0 [GA, G3]
"4 N
—O[BVC]-C,0  O[AVBvC]-C, 0
*[7] (O[AVBVC](AVBvC)A
O[AvBvC]-C)—O[AVBVC](AvB) [GA, L4]
"4 N

—(O[AVvBVC]J(AvBVvC)AO[AVBVC]-C), 0 O[AVBvVC](AvB), 0
P[AVB]A—
v N P[AVBVCIT, 0 [GA, G5]
—-O[AVvBVC](AvBvC(C),0 —=O[AvBvC]-C,0 N
* *

—P[AVBJA,0 P[AVBVC]T, 0
* T3

T3
(O[AVBVC](AvB)AP[AVBvC]T)—P[AVvBVC](AvB), 0 [GA, L5]
"4 N

—~(O[AVBVC](AVB)AP[AVBVC]IT),0  P[AVBVC](AVB),0

P[AVB]A—
v N P[AVB](Av—B), 0 [GA, L6]

—O[AVBVC](AVB),0 —P[AVBVC]T,0 P[AvB](Av—B), 0 [MP]

* * T4
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T4
O(AvB)<((AvBVvC)A(AVB))), 0 [GA, L7]
P[(AvBVC)A(AVB)](Av—B), 0 [DR3]
P[(AvBVC)A(AVB)](Av—B)—>P[AVvBVC]((AvB)A(Av—=B)), 0 [MP]
P[AVBVC]((AvB)A(Av—B)), 0 [MP]
A< ((AvB)A(Av—B)), 0 [GA, L8]

P[AVBVC]A, 0
P[AVBVC]A—P[AVBVC](AvC(), 0 [GA, L9]
P[AVvBVC](AvC), 0 [MP]
P[AVBVC](AvC)—(O[AVBVC]((AvC)—>—-C)—>O[(AVBVC)A(AV
C)]-C), 0 [GA, L10]
O[AVBVC]((AvC)—>—-C)—>O[(AVvBVC)A(AVC)]-C, 0 [MP]
O[AvBVC]-C—O[AVBVC](AvC)——-C), 0 [GA, L11]
O[AVBVC]((AvC)——-C), 0 [MP]

v N

—O[AVBVC]((AvC)—>—=C), 0 O[(AVBVOA(AVO)]-C, 0
* O(AvCO) < ((AvBVCO)A(AV(Q))), 0
[GA, L12]
O[AVC]-C, 0 [DR2]
P[AVB]A—P[AVC]T, 0 [G6]
P[AVC]T, 0 [MP]
v N
—P[AVC]T,0[5] —-O[AVvC]-C,0][5]

I det hér skedet &r alla grenar i tridet slutna. Alltsd ar hela tridet slutet. Det
foljer att vF6 &r ett teorem i TG.

vF7. O'[AvB]-B—(P'[BvC]B—>O'[AVvC]-C) =
(P[AVB]TAO[AVB]-B)—((O[BvC]LvP[BvC]B)—
(P[AVC]TAO[AVC]-0))

I beviset av vF7 anvénder vi flera olika hjélpsatser. Alla dessa &r teorem i
systemet TG. De dr sammanfattade nedan. Bevisen lamnas till ldsaren.
Lemma 1 (L1) O[BvC]L—O—(BvC)

Lemma 2 (L2) O—=(BvC)—O((AvB)<(AvC))

Lemma 3 (L3) O—(BvC)—0O-C

Lemma 4 (L4) O0-C—O[AvC]-C

Lemma 6 (L6) O[AvBVC](AvBvC)

Lemma 7 (L7) (O[AvBvC](AvBvC)AO[AVvBVvC]-B)—>O[AVvBvVC](Av
0

Lemma 8 (L8) (O[AVBVC](AVC)AP[AVBVC]T)>P[AVBVC](AVvC)
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Lemma 9 (L9) P[AVBVC](AvC)— (O[AVvBVC](AvC)—»—-C)—>O[(AVB
vCO)A(AVC)]-C)

Lemma 10 (L10) O[AvBvVC]-C—O[AVBVC](AvC)——-C)

Lemma 11 (L11) O(((AvBVC)A(AVC)) <> (AVv())

Lemma 12 (L12) (P[AVB]TAO[AVB]-B)—P[AVBJA

(1) ~((P[AVB]TAO[AVB]-B)— ((O[BvC]LvP[BvC]B)— (P[AVC]T A
O[AvC]—C))), 0
(2) P[AVB]TAO[AVB]—=B, 0 [1, —=—]
(3) =((O[BVvC]LvP[BvC]B)—
(P[AvC]TAO[AVC]-C)), 0 [1, =—>]
(4) O[BvC]LVP[BVC]B, 0 [3, =]
(5) ~(P[AvC]TAO[AVC]-C), 0 [3, =]
(6) PIAVBIT, 0 [2, A]
(7) O[AVB]=B, 0 [2, A]
4

N
(7) O[BVC]L, 0 [4, V] (8) P[BVC]B, 0 [4, V]
(9) O~(BvC), 0 [7, L1 etc] (10) O[AVBVC]-C, 0 [7, 8, GA, G4 etc]
(11) O~(BvC)— (12) O[AVBvC]-B, 0 [7, GA, G3 etc]
O((AVB)< (AvC)), 0 [GA] (13) O[AVBvC](AvBvC), 0 [GA]
(14) O((AVB) < (AvC)), 0 (15) O[AVBVC](AvC), 0 [12,13,L7etc]

(16) P[AVC]T, 0 [6, 14, DR3]  (17) PIAVBVC]T, 0 [GA, G5, 8 etc]
(18) O—~(BvC)—0—C, 0 [GA] (19) PIAVBVC](AvC), 0 [GA, 15, 17]
(20) O—C, 0 [9, 18, MP] (21) P[AVBVC](AvC)—
(22) O-C—O[AvC]—C, 0 [GA] (O[AvBvC](AvC)——C)
(23) O[AvC]-C, 020,22, MP] —O[(AvBvC)A(AvC)]=C), 0 [GA]
v N (24) O[AvBvC]-C—
25) (26) O[AVBvVC]((AvC)——C), 0 [GA]
—P[AVC]T,0 —O[AvC]—=C,0 (27) O[AVBVC]((AvC)——C), 0
(28) * [16,25] (29) *[23,26]  (30) (O[AvBvC](AvC)——C)—
O[(AVBVC)A(AVC)]-C), 019, 21]
(31) O[(AVBVC)A(AvC)]-C, 0 [27, 30]
(32) O(((AVBVO)A(AVC)) < (AVC)), 0
(33) O[AvC]—C, 0 [31, 32, DR1]
(34) PIAVB]A, 0 [GA, 6, 7, L12 etc]
(35) PIAVC]T, 0 [GA, 34, G6 etc]
"4 N
(36) =P[AVC]T, 0 (37)—O[AvC]—C, 0
(38) * [35, 36] (39) * [33, 37]

Nod (9) foljer fran nod (7) med hjilp av regeln Global Assumption, Lemma 1
etc. Nod (11) fas fran Global Assumption, (11) = Lemma 2. Nod (13) &r
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héarledbar med hjidlp av Global Assumption, (13) = Lemma 6. Notera att
Lemma 6 ar en instans av O[A]A. Nod (15) foljer fran nod (12) och nod (13)
med hjilp av Global Assumption, Lemma 7 etc. Nod (18) fas fran Global
Assumption, (18) = Lemma 3. Nod (22) foljer med hjilp av Global
Assumption, (22) = Lemma 4. Nod (25) och nod (26) &r hirledbara fran nod
(5) med hjélp av (—A). Nod (19) foljer fran nod (15) och nod (17) med hjilp
av Global Assumption, Lemma 8 etc. Nod (21) fas fran Global Assumption,
(21) = Lemma 9. Notera att (21) &r en instans av P[A]B — (O[A](B—C) —
O[A AB]C). Nod (27) foljer fran nod (10) och nod (24) med hjalp av Modus
Ponens (MP). Nod (32) ar hérledbar fran Global Assumption, (32) = Lemma
11. Nod (36) och nod (37) foljer fran nod (5) med hjélp av (—=A). Och nod
(34) foljer fran nod (6) och nod (7) med hjilp av Global Assumption, Lemma
12 etc.

Vi dr nu fardiga med vart bevis: alla satser i Danielssons, Hanssons, van
Fraassens, Lewis, von Kutscheras och Aqvists system som vi har nimnt ovan
ar teorem i tablasystemet TG!
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Bimodal Tidslogik
med Monotempor ala Ramar

Daniel Ronnedal

Abstrakt

Tidslogik ar en gren av logiken som handlar om temporala begrepp, satser,
argument och system. Inom denna gren av logiken undersoker man t.ex.
uttryck sdsom “Det kommer alltid vara fallet att”, ”Det kommer ndgon gang i
framtiden vara fallet att”, ”Det har alltid varit fallet att”, ”Det var ndgon géng
i det forflutna fallet att”. Logiska relationer mellan satser som innehaller
temporala begrepp studeras och giltigheten hos argument som bestar av
sadana satser analyseras. I tidigare arbeten har jag diskuterat hur tidslogiken
kan betraktas som en form av multimodal logik. I den hér uppsatsen visar jag
hur tidslogiken kan beskrivas som en bimodal logik, ett slags modallogik som
endast innehéller tvd typer av temporala operatorer. Den semantik jag
anvénder dr baserad pa monotemporala ramar. En monotemporal ram &r en
relationell struktur som endast innehaller en primitiv tillgénglighetsrelation,
némligen relationen tidigare an / senare an. Jag utvecklar ett antal sé kallade
semantiska tabldsystem och bevisar att dessa &r sunda och fullstindiga i
relation till deras semantik.

1. Introduktion

Tidslogik ar en gren av logiken som handlar om temporala begrepp, satser,
argument och system. Inom denna gren av logiken undersoker man t.ex.
uttryck sdsom “Det kommer alltid vara fallet att”, ”Det kommer ndgon gang i
framtiden vara fallet att”, ”Det har alltid varit fallet att”, ”Det var ndgon géng
i det forflutna fallet att”. Logiska relationer mellan satser som innehaller
temporala begrepp studeras och giltigheten hos argument som bestar av
sédana satser analyseras. I tidigare arbeten har jag diskuterat hur tidslogiken
kan betraktas som en form av multimodal logik (Rénnedal (2014)). I den hir
uppsatsen visar jag hur tidslogiken kan beskrivas som en bimodal logik, ett
slags modallogik som endast innehdller tva typer av temporala operatorer.
Den semantik jag anvénder dr baserad pad monotemporala ramar. En
monotemporal ram &r en relationell struktur som endast innehéller en primitiv
tillganglighetsrelation, ndmligen relationen tidigare an / senare &n. Jag
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utvecklar ett antal sa kallade semantiska tablasystem och bevisar att dessa ar
sunda och fullstindiga i relation till deras semantik.'

Uppsatsen dr indelad i fem avsnitt. Avsnitt 2 handlar om syntax. I avsnitt
3 gar jag igenom den semantik som dr gemensam for alla system, jag
definierar ett antal grundldggande begrepp och undersoker nagra mojliga
egenskaper hos tiden. Avsnitt 4 handlar om bevisteori. Jag beskriver ett antal
tablaregler och visar hur dessa kan anvéndas for att generera en méngd
semantiska tablasystem. Avsnitt 5 innehéller sundhets- och fullstdndighets-
teorem.

2. Syntax
Spréket TS2 bestér av foljande alfabet och satser.

2.1. Alfabet

En méngd satsbokstéver p, q, 1, S, P1, 91, I1, S1> P2, 925 12, S2, -- -

De satslogiska konnektiven — (negation), A (konjunktion),

v (disjunktion), > (materiell implikation) och = (materiell ekvivalens).
De temporala operatorerna G, F, H och P.

Parenteser ) och (.

2.2. Satser
Spraket TS2 bestar av alla satser (vdlformade formler) som genereras fran
foljande villkor.

Varje satsbokstav ér en (atomar) sats.

Om A och B ir satser, sé ar (A A B), (A v B), (A © B) och (A = B) satser.
Om B ar en sats, sa dr ocksd —B, GB, FB, HB och PB satser.

Ingenting annat &r en sats.

2.3 Definitioner
[G]B = (B A GB), (F)B = (B v FB), [H]B = (B A HB) och (P)B = (B v PA).

A, B, C, D... representerar godtyckliga satser i spraket (inte nddvindigtvis
atomira). Den grekiska bokstaven X star for en mingd satser och den tomma

! Fér mer information om tidslogik, se t.ex. Barringer, Fisher, Gabbay & Gough (2000), Burgess
(1984), Finger, Gabbay & Reynolds (2002), Galton (1999), Goldblatt (1992), Kroger & Merz
(2008), McArthur (1976), Needham (1975), Prior (1957), (1967), Rescher & Urquhart (1971),
van Benthem (1983), @hrstrom & Hasle (1995).
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mingden betecknas . De satslogiska konnektiven ar vilkdnda frén
satslogiken. Parenteser runt vélformade formler uteldmnas i regel om ingen
mangtydighet uppstir. Falsum kan introduceras genom en definition pa
vanligt vis. Ovriga satser i spriket ldses p4 samma sitt som i Rénnedal
(2014), namligen pa foljande sétt.

GB: Det kommer alltid att vara fallet att B.

FB: Det kommer ndgon gang (i framtiden) vara fallet att B.

HB: Det har alltid varit fallet att B.

PB: Det har ndgon gang (i det forflutna) varit fallet att B.

[G]B: Det dr och kommer alltid att vara fallet att B.

(F)B: Det ér eller kommer nagon gang (i framtiden) vara fallet att B.
[H]B: Det dr och har alltid varit fallet att B.

(P)B: Det &r eller har ndgon gang (i det forflutna) varit fallet att B.

3. Semantik
Tanken bakom den semantik som beskrivs i det hir avsnittet 4r densamma
som i Ronnedal (2014). Vi skall emellertid inféra nagra nya begrepp.

3.1. Grundlaggande ter mer

Ramar. 1 Ronnedal (2014) beskrev vi en temporal ram, F, som en
relationell struktur <T, <, >, <, >> dér T &r en icke-tom mingd av tidpunkter,
och <, >, <, > &r fyra dyadiska tillgénglighetsrelationer mellan tidpunkterna i
T (< & en delmédngd av T x T, etc.). Den intuitiva tolkningen av
tillgénglighetsrelationerna ar som foljer.

t; < tp : t; intréffar fore/tidigare én t,
t, > t; : t, intraffar efter/senare dn t;
t; <t, : t; intréffar samtidigt med eller fore/tidigare an t,
t, > t; : t, intrédffar samtidigt med eller efter/senare 4n t;

Lat oss kalla en temporal ram av detta slag en multi-temporal ram. Vi kan
emellertid ocksa anvinda oss av bi-temporala och mono-temporala ramar. En
bitemporal ram innehdller tva (primitiva) tillgéinglighetsrelationer (t.ex. < och
>), och en monotemporal ram innehaller en (primitiv) tillgdnlighetsrelation
(t.ex. <).
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Givet var informella ldsning av de olika relationerna ar det rimligt att anta
att de kan definieras i termer av varandra. I en bitemporal ram som innehaller
< och > som primitiva relationer kan t.ex. < och > definieras pé foljande sétt.

VYISt =(t=t' vt<t))
VIVE(E 2t = (t=t' v t > 1)

Dvs. t intrdffar samtidigt med eller fore t' om och endast om (omm) t ar
identisk med t' eller t intréffar fore t'. Och t intrdffar samtidigt med eller efter
t" omm t dr identisk med t' eller t intrdffar efter t'. Dessa definitioner ar
rimliga om vi antar att det inte finns flera olika tidpunkter som intrédffar
samtidigt. Alternativt kan vi anvinda foljande definitioner: VtVt'(t < t' = (t =
t'vt<t)) och VIV (t' 2t =t < t'); eller VIVt (t 2 t' = (t =t v t > t')) och
VIVE(E 2 t=t<t).

I en monotemporal ram som innehaller < som primitiv relation kan t.ex.
ovriga relationer definieras pé foljande sétt.

VIVE(tSt = (t=t vt<t))
VIVt > t=t<t)
VIVE (2t = (t=t v t>t)

Dvs. < och > definieras pa samma sitt som i vart bitemporala exempel, och >
definieras i termer av <. t' intrdffar efter t omm t intrdffar fore t'. De hér
definitionerna &r rimliga om vi antar att relationen intraffar efter ir konversen
till (eller konversen av) relationen intréffar tidigare @n, och det inte finns
flera olika tidpunkter som intraffar samtidigt. Har foljer ett par alternativa
definitioner: VIVt'(t' >t=t<t), VIVt'(t <t'=(t=t' vt <t)) och VIVt'(t' > t
=t <t); eller VIVE(t > t=t<t’), VIVE(t 2t = (t=t' v t > t')) och VtV'(t' >t
=t<t).

Om > &r konversen till <, sd kan t; < t, (och &ven t, > t;) ldsas pé tva sitt:
(1) t; intraffar fore/tidigare &n t,, eller (ii) t, intrdffar efter/senare &n t;. Bada
ar lika korrekta. P4 samma sitt géller det att om > &r konversen till <, s& kan
t; < t, (och dven t, > t;) ldsas pé tva sitt: (i) t; intrdffar samtidigt med eller
fore/tidigare én t, eller (ii) t, intrdffar samtidigt med eller efter/senare én t;.

Semantiken for tidslogiken har ofta utvecklats med hjilp av mono-
temporala ramar. Vi skall i den hir uppsatsen anvinda monotemporala ramar
med formen <T, <>, dér < &r den enda primitiva tillgédnglighetsrelationen. Det
hir innebér att vi sd att sdga implicit gor vissa antaganden, t.ex. att > ar
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konversen till <. Det foljer att bl.a. satserna A > HFA och A > GPA blir
automatiskt giltiga. 1 bitemporala och multitemporala system méste vi
inkludera vissa tablaregler for att kunna bevisa dessa (se avsnitt 4.3).

Modeller. Uttrycket “temporal modell” definieras pa samma sétt som i
Ronnedal (2014), dvs. en temporal modell, M, &r en struktur <F, V>, dér F ar
en temporal ram och V &r en virdering eller tolkningsfunktion, som tilldelar
sanningsvirden T (sann) eller F (falsk) till varje satsbokstav vid varje
tidpunkt i T.

I den hér uppsatsen anvénder vi emellertid monotemporala ramar istéllet
for multitemporala ramar, som vi redan har ndmnt. Vi kan darfor tala om en
modell, M, direkt som en struktur <T, <, V>, dér tillgdnglighetsrelationen och
T tolkas som i en monotemporal ram. ’F” representerar en klass av ramar,
”M” en klass av modeller.

3.2. Sanningsvillkor

[, ¢ B star for att B &r sann vid tidpunkt t i modell M. Sanningsvillkoren
for atoméra satser och de satslogiska konnektiven dr desamma som i
Ronnedal (2014). Eftersom [G], {F), [H] och (P) ar definierade i den hér
uppsatsen behover vi inte ange nagra primitiva sanningsvillkor for satser dir
dessa operatorer har storst raickvidd. Har foljer 6vriga villkor.

[—m:GB omm det for varje tidpunkt t' i T s&dan att t < t'
géller att —, ¢ B.

[—wm:FB  omm det finns nigon tidpunkt t' i T s&dan att t < t'
och F—um. ¢ B.

[—wm:HB omm det for varje tidpunkt t' i T s&dan att t' <t
géller att —, ¢ B.

[—wm:PB  omm det finns nagon tidpunkt t' i T s&dan att t' <t
och F—um. v B.

Notera att dessa sanningsvillkor ar ekvivalenta med motsvarande villkor i
Ronnedal (2014), givet att > definieras som konversen till <.

3.3. Ovriga semantiska begrepp

Ovriga semantiska begrepp, som satisfierbarhet, giltighet, logisk konsekvens
osv. definieras precis som i Ronnedal (2014).
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3.4. Villkor patemporalaramar

Vi skall ndmna nagra olika villkor som kan anvéndas for att karaktérisera
olika temporala ramar. I Rénnedal (2014) delade vi in dessa villkor i tva olika
grupper. I den hir uppsatsen behdver vi inte ndmna den andra gruppen, som
handlade om hur de olika tillginglighetsrelationerna forhéller sig till
varandra. For i den hér uppsatsen studerar vi endast monotemporala ramar.
Vi antar sa att sdga implicit att dvriga temporala relationer kan definieras i
termer av relationen tidigare &n/ senare @n pa sa sétt som beskrevs ovan. Det
hér innebir bl.a. att < &r konversen till > (och tvdrt om), att < ar inkluderad 1
<, att > ar inkluderad i >, och att bade < och > dr reflexiva. Tabell 1
sammanfattar nagra mdjliga egenskaper hos relationen tidigare an / senare
an. I Ronnedal (2014) sdger jag mer om innebdrden av dessa villkor.

Villkor Formalisering av villkor
Reflexivitet
C-<T Vit<t
Andléshet bakat
C-<PD Viat't <t
Andléshet framat
C-<FD viatt<t'
Symmetri
C-<B ViVt t<t' ot' <t)
Transitivitet
C-<4 VIVEVE(t<t At <t”) Dt<t")
Téthet
C-<DE VIvE(t <t D A (t<t" A t" <L)
Griénser bakat
C-<LB VIVEVE'(E <t A’ <t) D I"{H" <t At <t"))
Griénser framat
C-<UB VIVEVE(t<t At<t’) DIt <t” At <t"))
Jamforbarhet
C-<C VIVE(t <t vi=t' vt <t)
Konvergens bakét
C-<PC VIVEVE(F <t At <t) D (t'<t’ vi=t' vt <t))
Konvergens framat
C-<FC VIVEVE(t<t At<t) D' <t' vt =t'vt'<t))
Tabell 1
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3.6. Klasser av ramar och deraslogik

De villkor pa ramar vi har tagit upp i avsnitt 3.4 kan anvéndas for att tala om
olika klasser av ramar pa samma sétt som i Ronnedal (2014). F(C,, ..., C,) ar
klassen av alla ramar som uppfyller villkoren C,, ..., C,. Klassen av alla
satser i TS2 som é&r giltiga i en klass av ramar F, S(F), kallas F’s logik eller
det logiska systemet som &r baserat pad F. S(F) = {A € TS2 : —¢ A}. Genom
att infora vissa villkor pa vara ramar kan vi alltsd, som vanligt, definiera en
mingd logiska system. Dessa system dr semantiskt karaktiriserade. I nésta
sektion skall vi utveckla ett antal semantiska tabladsystem som svarar mot
dessa.

4. Bevisteori

Vi skall nu undersoka ett antal semantiska tabldsystem som bl.a. kan
anvéndas for att avgéra om en sats dr logiskt sann, logiskt falsk eller logiskt
kontingent, om en méngd satser dr konsistent eller inkonsistent och om ett
argument ir giltigt eller ogiltigt.”

Grundldggande begrepp, sdsom trid, semantisk tabla, gren, 6ppen och
sluten gren, teorem, bevis osv. definieras pd vanligt sitt, se t.ex. Ronnedal
(2012b), s. 131, eller Priest (2008). —gs B innebér att B &r ett teorem i
systemet S; och X |—g B innebér att B ar hérledbar fran X i S.

Vi borjar med att g4 igenom ett antal semantiska tablaregler. Dérefter
skall vi se hur dessa kan anvindas for att skapa en mingd semantiska
tablasystem. Slutligen ndmner jag ett antal teorem som kan bevisas i vara
system.

4.1. Tablaregler

Det finns tre olika typer av tabléregler: satslogiska regler, (grundldggande)
temporala regler och (temporala) tillgdnglighetsregler. De tva forsta ingér i
alla tablasystem. Olika tablasystem innehaller emellertid olika tillgdnglig-
hetsregler. Genom att lagga till tillgénglighetsregler kan vi skapa starkare
system. Dessa regler svarar mot de semantiska villkor som vi diskuterade i
sektion 3.4. Eftersom vi anviinder monotemporala ramar (och modeller) i den
hér uppsatsen behdver vi inte infora nagra tablaregler som svarar mot olika

% Evert Beth, se Beth (1955) och Beth (1959), ss. 186201, 267-293, och 444-463, tycks ha varit
den forste logiker som utvecklade ett semantiskt tablasystem. Enligt Smullyan (1968) s. 3
kommer idén ursprungligen fran Gerhard Gentzen (se Gentzen (1935) och Gentzen (1935b)). For
mer information om semantiska tabldsystem, se t.ex. D’Agostino et al. (1999), Fitting &
Mendelsohn (1998), Garson (2006), Jeffrey (1967), Priest (2008), Ronnedal (2012), (2012b) och
Smullyan (1968).
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relationer mellan olika tillgdnglighetsrelationer pd samma sitt som i
Ronnedal (2014).

4.1.1. Satslogiska regler

Vi anvéinder samma satslogiska regler som vanligt. (Fér mer information, se
t.ex. Ronnedal (2012b), s. 132, eller nistan vilken introduktion till semantiska
tablaer som helst, t.ex. Priest (2008)).

4.1.2. Grundlaggande temporala regler

G H F P
GA, i HA, i FA,i PA, i
i<j j<i \) \)

\) 2 i<j j<i
A,j A,j A,j A,j
dér j 4r ny dér j dr ny
-G —H —F =P
—GA, i —HA, i —FA, i —PA, i
\: ) \: \:
F—A, i P—A, i G-A, i H-A, i
Tabell 2

Speciella regler for [G], [H], (F) och (P) behovs inte i systemen i den hér

uppsatsen, eftersom [G], [H], (F) och (P) introduceras genom definitioner i
det sprék vi anvénder hér.

1d(1) 1d(11) 1d
A() A1) .
i=]j j=i J
J J i=1i
A() A()
Tabell 3

De grundldggande identitetsreglerna &r redundanta i system som inte

innehaller nagra ovriga “identitetsregler” (regler som innehaller identitets-
tecknet).
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4.1.3. Temporala tillganglighetsregler

T-<PD T-<FD T-<T T-<B T-<4
e I P B i<j i<j
\: \2 \: \: j<k
k<j j<k i<j j<i \
dér k ér ny dér k dr ny i<k
Tabell 4

Som vi noterade i Ronnedal (2014) ar reglerna T-<T och T-<B inte sérskilt
plausibla rent intuitivt, eftersom de svarar mot villkoren att relationen
tidigare n / senare &n ér reflexiv respektive symmetrisk. Anledningen till att
jag har inkluderat dessa ar att om tiden &r cirkulér och transitiv, sa foljer det
att den ocksa ir reflexiv och symmetrisk. Ar tiden linjr, &r de emellertid inte
rimliga.

T-<DE T-<LB T-<UB
i<j j<i i<j
\) k<i i<k
i<k \) \
k<j 1<j i<l
dér k dr ny 1<k k<1
dér 1 dr ny dér 1 dr ny
Tabell 5
T-<C T-<PC T-<FC
cdy e j<i i<j
N k<i i<k
i<j i=j j<i N ¢ IN
j<k j=k k<j i<k j=k k<j
Tabell 6
4.2. Tablasystem

Ett tablasystem &r en méingd tablaregler. Ett (normalt) temporalt tablasystem
inkluderar alla satslogiska regler och alla grundldggande temporala regler.
Det minimala (normala) temporala tablasystemet kallas ”T”. Genom att ligga
till ndgon delméngd av de tillgénglighetsregler som introducerades i avsnitt
4.1.3 fér vi en extension av T. Vi anvéinder f6ljande konventioner for att
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bendmna olika system. ”TT;...T,”, dir Ty, ..., T, &r en lista (mojligtvis tom)
pa temporala tillginglighetsregler, star for ett temporalt tablasystem som
innehéller tillgédnglighetsreglerna Ty, ..., och T,. "Redundanta” bokstiver i
namnen uteldimnas. T<4<PC (T4PC) iar tex. ett namn pa det temporala
tablasystem som innehéller tillgdnglighetsreglerna T-<4 (4) och T-<PC (PC).
Om S &r ett tablasystem, sé& dr S’s logik, eller den logik som &r baserad pa
S, L(S) = {A € TS2 : }—s A}, dvs. midngden av alla satser i TS2 som kan
bevisas i S. L(4PC) ir t.ex. mingden av alla satser som kan bevisas i systemet
T<4<PC (4PC), dvs. i det tablasystem som innehéller alla grundliggande
temporala regler och tillganglighetsreglerna T-<4 (4) och T-<PC (PC).

4.3. Exempel pateorem

Det hér avsnittet innehéller nagra teorem i olika temporala tablasystem.
Bevisen ér ofta relativt enkla och i de flesta fall utelimnade. (Vill man lira
sig att handskas med systemen i den hér uppsatsen kan det vara en bra 6vning
att bevisa alla satser i det hir avsnittet.)

GA=-F-A —GA=F-A G-A=-FA
FA =-G—-A —FA=G-A F—A=-GA
[G]A =—(F)-A —[G]A=(F)-A [G]-A=—(F)A
(F)A=—[G]-A —(F)A =[G]-A (F)-A=—[G]A
HA =—-P-A —HA=P-A H—-A=-PA
PA=—-H-A —PA=H-A P—A=—HA
[H]A = —(P)-A —[H]A =(P)-A [H]-A =—(P)A
(P)A =—[H]-A —(P)A =[H]-A (P)-~A =—[H]A
Tabell 7

Teorem 1. Alla satser i tabell 7 ar teorem i alla system i den har uppsatsen.
Bevis. Enkelt! B

I den hér uppsatsen har vi introducerat [G], (F), [H] och (P) med hjilp av
definitioner. Det innebér att det &r sant per definition att [G]B = (B A GB),
(F)B = (B v FB), [H]B = (B A HB) och (P)B = (B v PA). I de multimodala
system som beskrivs i Ronnedal (2014) méaste emellertid dessa ekvivalenser
bevisas. Lat mig illustrera med ett exempel. Om ett multimodalt tablasystem
S innehaller T-<T, T-<<I och T-<<I, sa dr [H]A = (A A HA) ett teorem i S.
Men [H]A = (A A HA) ér inte ett teorem i alla multimodala system. For att
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visa [H]A o (A A HA) “krdvs” T-<T och T-<<I, och for att visa (A A HA) ©
[H]A “kravs” T-<<I. Om systemet innehéller T-<T, s kan vi bevisa [H]A D
A. Om systemet innehéller T-<<I, s kan vi bevisa [H]A > HA. T-<T svarar
mot det semantiska villkoret att < ar reflexiv, T-<<I mot det semantiska
villkoret att < dr inkluderad 1 <, och T-<<I mot det semantiska villkoret att t
intrdffar samtidigt med eller tidigare 4n t' omm t och t' &r identiska eller t
intrdffar tidigare dn t'. Det hir &r villkor som vi “implicit” antar att alla
system 1 den hér uppsatsen uppfyller. (Jag uteldamnar i regel ”T-", och ibland
ocksé ”’<”, i namnet pa alla tablaregler och anviander ”’Id” som en forkortning
av alla ”identitetsregler” i bevisen nedan.)

[H]A S (A A HA) (A AHA) S [H]A

(1) =([H]A > (A AHA)), 0 (1) (A A HA) S [H]A), 0

(2) [H]A, 0[1, =] (2)AAHA, 0[1, -]
(3) =(A AHA), 0 [1, =] (3) =[H]A, 0 [1, =]
¢ N (4)A, 012, A]
(4) =A, 0 [3, =A] (5) —HA, 0 [3,1] (5)HA, 0 [2, A]
(6)0<0[1,<T] (7)P—A,0[5,—H] (6) (P)—A, 0 [3, —[H]]
(8) A, 0[2,6,[H]] (9)1<0T[7,P] (7) 1 <0 [6, (P)]
(10) * [4, 8] (11) =A, 1[7, P] (8) =A, 1 [6, (P)]
(12) 1 <011, <<I] ¢ N

(13)A, 1[2,12]  (9)1=0[7,<<I] (10)1<0[7,<<I]
(14) *[11, 13] (11) A, 1[4,9,1d] (12) A, 1 [5,10,H]
(13)*[8,11]  (14) *[8, 12]

Alla satser av foljande form kan bevisas i alla tablasystem i den hér
uppsatsen: A D HFA, PGA 5 A, A 5 GPA, FHA o A. Detta géller dock inte i
alla multimodala system som beskrivs i Ronnedal (2014). For att bevisa A ©
HFA, PGA o A behover vi T-<>C, och for att bevisa A > GPA, FHA o A
behover vi T-><C. A o HFA, PGA o A idr ddrmed de satser som svarar mot
det semantiska villkoret att om t intrdffar tidigare 4n t', s& intréffar t' senare
in t; och A > GPA, FHA o A ir de satser som svarar mot det semantiska
villkoret att om t' intrdffar senare dn t, sd intrdffar t tidigare &n t'.
Tillsammans motsvarar satserna A > HFA, PGA o A, A > GPA, FHA o A
det semantiska villkoret att relationen intréffar tidigare an ar konversen till
relationen intréffar senare én (och vice versa). I axiomatiska beskrivningar
av tidslogiken brukar man ofta anta A > HFA och A > GPA eller PGA > A
och FHA 5 A som axiom.
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[HIADA,[GIJAD A, AD(P)A, AD(F)A

[H]JA o (P)A, —~([H]A A [H]-A), [G]A o (F)A, —([G]A A [G]—-A)

[HJA o HA, [G]A > GA, PA S (P)A, FA> (F)A

A >HFA, PGA>A,A>GPA, FHADA

AS[HKPA, (P)[GJA D A, A [GKP)A, (F)[HIA> A

[HJHA > HA, H[H]A o HA, PA > (P)PA, PA > P(P)A

[G]GA o GA, G[G]A o GA, FA o (F)FA, FA > F(F)A

[H][H]A > [H]A, (P)A o (PXP)A, [G][G]A o [G]A, (F)A o (FXF)A

[G]GA o G[G]A, F(F)A o (F)FA, [HJHA > H[H]A, P(P)A > (P)PA

G[G]A o [G]GA, (F)FA o F(F)A, H[H]A o [H]JHA, (P)PA = P(P)A

[G]GA =G[G]A, F{F)A =(F)FA, [HIHA = H[H]A, P(P)A =(P)PA

PGA o GPA, FHA o HFA, (P)[G]A o [G](P)A, (F)[H]A o [H(F)A

(P)GA o G{P)A, F[H]A o [H]FA, (F)HA > H(F)A, P[G]A o [G]PA
Tabell 8

Teorem 2. Alla satser i tabell 8 ar teorem i alla system i den hir uppsatsen.
Bevis. Jag skall ga igenom négra bevis for att belysa tablametoden. Resten
lamnas till lasaren.

A D HFA A > GPA
(1) =(A>HFA), 0 (1) =(A>GPA), 0
2)A, 01, =] 2)A,0[1, =]
(3) —HFA, 0 [1, =] (3) =GPA, 0 [1, =]
(4) P—FA, 0 [3, —H] (4) F=PA, 0 [3, =G]
5)1<0[4,P] (5)0<1[4,F]
(6) =FA, 1[4, P] (6) =PA, 1[4, F]
(7) G=A, 1 [6, —F] (7) H=A, 1 [6, —P]
8)=A,0[5,7,G] (8)=A,0[5,7, H]
9) *[2, 8] 9) *[2, 8]

Notera att dessa bevis inte ar korrekta i de multimodal system som beskrivs i
Ronnedal (2014). A o HFA kan bevisas i alla system som innehéller T-<>C.
Beviset ser néastan likadant ut som ovan. Men nod (8) och (9) byts istéllet ut
mot foljande noder: (8) 0> 1[5, T-<>C], (9) —A, 0 [7, 8, G], (10) *[2,9]. A
O GPA kan bevisas i alla system som innehaller T-><C. Beviset ovan kan
modifieras pd “samma sitt” som beviset for A > HFA.
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A o [GKP)A ir per definition ekvivalent med A > ((A v PA) A G(A v PA)).
For att bevisa A o [GKP)A ricker det dérfér med att bevisa den senare

satsen. Det gor vi genom att skapa en semantisk tabla for negationen av A o
((A v PA) A G(A v PA)). Om denna tabla ar sluten, sa har vi vart bevis.

(1) =(A > ((A v PA) A G(A v PA))), 0
) A, 0[1, —>]
(3) =((A v PA) AG(A v PA)), 01, —o]

"4 N
(4) ~(AVPA), 0[3,—A] (5)—G(AVPA),0[3, -]
(6) —A, 0 [4, —v] (7) F—(A v PA), 0 [5, —G]
(8) —PA, 0 [4, -] (9)0<1[7,F]
(10) * [2, 6] (11) ~(A v PA), 1 [7, F]

(12) —A, 1 [11, =]
(13) =PA, 1 [11, —v]
(14) H-A, 1 [13, —P]
(15) —A, 0 [9, 14, H]
(16) * [2, 15]

G[G]JA > [G]GA ir per definition ekvivalent med G(A A GA) o (GA A
GGA). For att bevisa G[G]A D [G]GA skapar vi dirfor en semantisk tabla
som borjar med negationen av G(A A GA) o (GA A GGA). Ar denna tabla
sluten, har vi bevisat G(A A GA) D (GA A GGA) och ddrmed ockséd G[G]A o
[G]GA.

(1) =(G(A A GA) > (GA A GGA)), 0
(2) G(A AGA), 0 [1, —o]
(3) =(GA A GGA), 0 [1, =]

4 N
(4) —GA, 03, =] (5) =GGA, 0 [3, —A]
(6) F-A, 0 [4, —=G] (7) F=GA, 0 [5, =G]
(8)0< 116, F] (9)0<1[7,F]
(10) —A, 1 [6, F] (11) =GA, 1 [7, F]
(12) AAGA, 1[2,8,G] (13)AAGA,1[2,9,G]
(14) A, 1 [12, A] (15) A, 113, A]
(16) GA, 1[12, A] (17) GA, 113, A]
(18) * [10, 14] (19) * [11, 17]
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P[G]A o [G]PA =
P(AAGA)> (PA AGPA)
(1) =(P(A A GA) o (PA AGPA)), 0
2)P(AAGA),0[1, =]
(3) -(PAAGPA), 0 [1, =]
v N
(4) —PA, 0 [3, =A] (5) =GPA, 0 [3, —A]
(6) H=A, 0 [4, —P] (7) F=PA, 0[5, —G]
®)1<0[2,P] 9 0<1[7,F]
(10) AAGA, 1[2,P] (11) =PA, 1 [7, F]
(12) A, 1[10, A] (13) H=A, 1 [11, —P]
(14) GA, 1 [10, A] (15)2<012,P]
(16) —A, 1 [6, 8, H] (17) AAGA, 22, P]
(18) *[12, 16] (19) A, 2 [17, A]
(20) GA, 2 [17, A]
(21) A, 0[15, 20, G]
(22) =A, 019, 13, H]
(23) *[21,22]1m
Sys  Teorem
<4  HA o [H]JHA, [H]A o H[H]A, HA > H[H]A, (P)PA o PA,

<C

P(P)A 5 (P)A, P(P)A o PA, GA > [G]GA, [G]A S G[G]A,
GA 5 G[G]A, (F)FA o FA, F(F)A o (F)A, F(F)A 5 FA
= [H]HA, HA = H[H]A, (P)PA = PA, P(P)A = PA,
GA = [G]GA, GA = G[G]A, (F)FA = FA, F(F)A = FA
[H]A o [H][H]A, (PXP)A o (P)A, [G]A o [G][G]A, (FXF)A o (F)A,
[H][H]A = [H]A, (PXP)A = (P)A, [G][G]A = [G]A, (FXF)A = (F)A.

[HI[G]A, (PXF)A S (FXP)A,
[GI[H]A, (FXP)A 5 (PXF)A,
[HI[G]A, (PXF)A =(FXP)A,
[GI[H]A, (FXP)A = (PXF)A

> > >
mmy u

A

<LB PHA S HPA, P[H]A S [H]PA, (P)HA S H(P)A, (P)[H]A > [H(P)A
<UB FGA S GFA, F[G]A o [G]FA, (F)GA 5 G(F)A, (F)[G]A > [GI(F)A
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<C  HGA > GHA, FPA S PFA,
<PD [H]GA o G[H]A, F(P)A > (P)FA, H[G]A > [G]HA, (F)PA > P(F)A,
<4 (P)HA > H(P)A, P[H]A > [H]PA

<C  GHASHGA, PFA SFPA,
<FD [GJHA S H[G]A, P(F)A > (F)PA, G[H]A > [H]GA, (P)FA S F(P)A,
<4 (FYGA oG(F)A, F[G]A o [G]FA

<C  HGA=GHA, FPA =PFA, GHA =HGA, PFA =FPA, [H|GA =
<PD G[H]A, F(P)A = (P)FA, H[G]A = [G]HA, (F)PA = P(F)A, [G]HA =

<FD H[G]A, P(F)A = (F)PA, G[H]A = [H]GA, (PYFA = F(P)A, [G][H]A =
<4 [H][G]A, (PXF)A =(FXP)A, [H][G]A = [G][H]A, (FXP)A = (PXF)A

Tabell 9 (Sys = System)

Teorem 3. Alla satser i tabell 9 ar teorem i de ndmnda systemen.
Bevis. Jag skall gé igenom néagra bevis for att belysa tablimetoden. Resten

lamnas till lasaren.
H[G]A o [G]HA = H(A A GA) o (HA A GHA)

(1) ~(H(A A GA) o (HA AGHA)), 0

(2) HHAAGA), 0 [1, =]

(3) -(HA AGHA), 0 [1, =2]

v

N

(4) —HA, 0 [3, —A] (5) =GHA, 0 [3, =A]

(6) P—A, 0 [4, —H] (7) F=HA, 0 [5, —G]

(8) 1<0 16, P] (9)0<1[7,F]

(10) =A, 1 [6, P] (11) —=HA, 1 [7, F]

(12) AAGA, 1[2, 8, H] (13) P—A, 1 [11, —H]

(14) A, 1[12, A] (15)2<1[13, P]

(16) GA, 112, A] (17) =A, 2 [13, P]

(18) * 10, 14] v N N
(19) 2 <0 [<C] (20) 2 =0 [<C] (21) 0<2 [<C]
(22) AAGA, 2 [2,19,H] (23)3<0[<PD]  (24)3<0 [<PD]
(25) A, 2 [22, A] (26) AAGA, 3 (27) AAGA, 3
(28) GA, 2 [22, A] (29)A,3[26,A]  (30) A, 3[27.A]
(31) *[17, 25] (32) GA,3[26,A] (33)GA, 3

(34) A, 023,32, G] (35)3<2 [<4]
(36) A, 2[20, 34, 1d] (37) A, 2 [G]
(38) * [17, 36] (39) * [17, 37]
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Nod (19), (20) och (21) ovan fés fran ((9) och (15) med) <C (<PC). Nod (26)
hirleds frén (2) och (23) med hjélp av H, och (27) frén (2) och (24) med
samma regel. Nod (33) fas fran (27) med A. Nod (35) hérleds frén (21) och
(24) med <4. Nod (37) fas fran (33) och (35) med G.

P[H]JA o [H]PA =
P(AAHA) > (PA AHPA)
(1) =(P(A AHA) o (PA AHPA)), 0
(2) P(AAHA), 0[1, =]
(3) -(PA AHPA), 0 [1, —D]
4)1<0[2,P]
(5) AAHA,1[2,P]
(6) A, 1[5, A]
(7)HA, 1[5, A]
4 N
(8) =PA, 0 [3, =A] (9) —=HPA, 0 [3, —=A]
(10) H=A, 0 [8, —P] (11) P=PA, 0 [9, —H]
(12) =A, 1[4, 10, H] (13)2<07[11,P]
(14) * [6, 12] (15) =PA, 2 [11, P]

(16) H—A, 2 [15, —P]
(17)3< 1[4, 13, <LB]
(18)3<2[4, 13, <LB]
(19) A, 3[7, 17, H]
(20) —A, 3 [16, 18, H]
(21) *[19,20] m

Teorem 4. Forsta teoremet (i)-(iv) i avsnitt 4.3 1 Ronnedal (2014) géller
ocksa for alla system i den hir uppsatsen.

Bevis. For den som vill ldra sig handskas med systemen i den hir
uppsatsen kan det vara en trevlig Gvning att ga igenom alla dessa teorem. W

Teorem 5. (i) Alla satser i tabell 21 och 22 i Ronnedal (2014) ar teorem i
alla system i den hér uppsatsen. (ii) Alla satser i tabell 20 och 23 ar teorem i
alla system i den hér uppsatsen som innehéller T-<FD. Byt ut varje forekomst
av G mot H, varje forekomst av [G] mot [H], varje forekomst av F mot P, och
varje forekomst av (F) mot (P) i tabell 20-23 i Ronnedal (2014). D4 giller det
att (iii) varje sats som dr ett resultat av en saddan substitution i tabell 21 och 22
ar ett teorem 1 varje system i den hér uppsatsen, och (iv) varje sats som &r ett

68



Bimodal Tidslogik med Monotemporala Ramar

resultat av en sddan substitution i tabell 20 och 23 &r ett teorem i alla system i
den hir uppsatsen som innehaller T-<PD.

Bevis. Jag gir igenom ett exempel och limnar resten till lisaren. Ovriga
satser kan bevisas pa liknande sitt.

[GI(A>B)> ([G]JAS[G]B) =
((AoB)AG(A>B)) > ((AAGA)>(BAGB))

(1) =((A>B)AG(AD>B)) o ((AAGA)> (B AGB))),0
2)(AoB)AG(A>B),0[1, =]
3) -((AAGA)D(BAGB)),0][1, -]
(4)A>B,0[2, A]
(5) G(A>B), 012, A
(6) AAGA,0[3, 0]
(7) ~(B AGB), 0[3, —o]
(8) A, 06, A]
[

(9) GA, 0 [6, A]
"4 N
(10) —A, 0 [4, o] (11) B, 0[4, o]
(12) * [8, 10] % N
(13)=B,0[7,=A]  (14) =GB, 0[7, =]
(15) * 11, 13] (16) F—B, 0 [14, —G]

(17)0<1[16, F]
(18) =B, 1 [16, F]
(19) A, 19, 17, G]
(20) ASB, 1[5, 17, G]
"4 N
(21) =A, 1[20,5] (22) B, 1[20, ]
(23) * 19, 21] (24) *[18,22] =

Ibland kan det vara enklare att bevisa en sats i ett multimodalt system av den
typ som beskrivs i Ronnedal (2014) 4n i ett bimodalt system av den typ som
anvédnds i den hér uppsatsen, bl.a. eftersom bevisen i de tidigare systemen
ibland &r kortare &n bevisen i de senare. Tablan for negationen av [G](A > B)
> ([G]A o [G]B) ir t.ex. betydligt kortare #n tridet ovan. Annu tydligare blir
detta om man vill bevisa en sats med méanga operatorer av samma typ, t.ex.
([HI(A v B)A[H](A v [H]B) A[H]([H]A v B)) o ([H]JA v [H]B). Denna sats ar
ett teorem i alla multimodala system som innehéller T-<PC. Satsen kan &ven
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bevisas i alla system i den hir uppsatsen som innehaller T-<PC. Men da
maste man forst 6versitta den till f6ljande sats i primitiv notation: (((AvB) A
HAVvB))A((Av (B AHB)) AH(AVv(B AHB)))A(((AAHA)VvB) AH((A A
HA) v B))) o ((A A HA) v (B A HB)), och skapa en semantisk tabla for
negationen av denna sats.

Ibland kan det vara enklare att bevisa en sats i ett bimodalt system av det
slag som anvénds i den hir uppsatsen &n i ett multimodalt system av det slag
som beskrivs i Ronnedal (2014), bl.a. eftersom man maste halla reda pa en
mingd olika tillgidnglighetsrelationer i de senare.

Lat mig avsluta detta avsnitt med att ndmna ytterligare nagra teorem i
olika system.

System Teorem

T-<4 HA > HHA, PPA o PA, GA © GGA, FFA o FA
FA o HFA, PGA o GA, PA o GPA, FHA D HA
T-<PD HA 5 PA, -(HA A H-A), HA o (P)A, [H]A o PA
T-<FD GA o FA, —(GA A G—A), GA o (F)A, [G]JA o FA
T-<DE PA > PPA, HHA > HA, (A v H(L v HB)) o (A v HB)
FA 5> FFA, GGA o GA, (A v G(L v GB)) o (A v GB)
T-<PC H([H]JA > B) vH([HIB> A)
FPA o (PA v A v FA), HA A A A GA) > GHA
PA > H(FA v A v PA), P(HA A A AGA)D HA
(PA APB) o (P(A AB) v P(A APB) v P(PA A B))
(H(A v B) A H(A v HB) A H(HA v B)) o (HA v HB)
H((AAHA)>B) vH(BAHB)> A)
((PYAA(PIB)S(PXAAB)V (PYAA(P)B) v (PY(P)A AB))
(HI(AvB)A[H](A v [H]B) A[H]([H]A v B))>([H]A v [H]B)
P(HBA—A)DH(A>(HA>B)), HAS(HA>B))vVH(HB>A)
T-<FC G([G]JA>B) vG([G]IBD A)
PFA o> (PA v A Vv FA), HA A AAGA)DHGA
FA > G(PAv AvVFA), FHAAAAGA)DGA
(FA AFB) o (F(A AB) v F(A A FB) v F(FA A B))
(G(A v B) A G(A v GB) A G(GA v B)) o (GA v GB)
G(AAGA)DB)vG((BAGB)D A)
(BYAACE)B)SENAAB)V(EXAAEIB)V (FY(F)A AB))
([GI(AvB)A[GI(AV[GIB)A[GI(G]AVB))>([GIA v [G]B)
F(GBA—=A)DG(AD(GADB)), (G(AD(GASB))vG(GBDA)

Tabell 10
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System Teorem

<FD<4 FA o FPA, GHA © GA,

GHA o (HA A A A GA), (PAVv Av FA)SFPA
<PD<4 PA o PFA, HGA o HA,

HGA o (HA A A A GA), (PA v A v FA) o> PFA
FD4FC GHA o HGA, PFA o> FPA
PD4PC HGA o GHA, FPA o PFA
PD4FC HGA = (HA A A A GA), PFA =(PA v AV FA)
FD4PC GHA = (HA A A A GA), FPA = (PA Vv AV FA)
<C<4 H(HA o HB) v HHB > HA), G(GA o GB) v G(GB = GA)
<4<LB (PA A PB) o P(FA A FB), H(GA v GB) o (HA v HB)
<4<UB (FA A FB) o F(PA A PB), G(HA v HB) o (GA v GB)

Tabell 11

Teorem 6. Alla satser i tabell 10 och tabell 11 4r teorem 1 de omndmnda
systemen.
Bevis. Lamnas till 14saren. W

5. Sundhets- och fullstandighetsteorem
Begreppen sundhet och fullstindighet definieras som vanligt. Lat oss
emellertid repetera dessa definitioner. Vi sédger att S korresponderar med en
klass av ramar, F, (och att F korresponderar med S) omm F = F(C-A4, ..., C-
A,), dar S =TT-A,...T-A, ér ett normalt temporalt tablasystem.

S &r (starkt) sunt i relation till (relativt till eller med avseende pa) F omm
Y — A medfor X | A. S &r (starkt) fullstdndigt i relation till (relativt till
eller med avseende pd) F omm X |—¢ A medfor X |— A.

I det hér avsnittet visar vi att alla de temporala tabldsystem vi kan
konstruera med hjélp av vara tabldregler dr sunda och fullstindiga med
avseende pa deras semantik.

5.1. Sundhet

Lat M vara en (monotemporal) modell och b en gren pa en tabla. Da &r b
(eller mingden av satser pa b) satisfierbar i M omm det finns en funktion, f,
fran de naturliga talen till mdngden av alla tidpunkter T sadan att:

(1) A dr sann i f(i) i M, for varje nod A, i pa b;
(i) omi<jarpab,saarf(i) <f(j)iM;
omi=jéarpab,saédrf(i)=f(j) i M.
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Om f uppfyller dessa villkor, skall vi séga att f visar att b &r satisfierbar i M.

Lemma (Sundhetslemma). Lét b vara en gren pé en tablad och M vara en
(monotemporal) modell. Om b &r satisfierbar i M och en tablaregel tillimpas
pd b, s& produceras atminstone en extension, b’, av b sddan att b’ &r
satisfierbar i M.

Bevis. Som vanligt borjar vi med att visa att sundhetslemmat géller for T.
Sen utvidgar vi det till andra system. Detta gors pa samma sétt som i olika
modala system och som i multimodal tidslogik (se t.ex. Ronnedal (2012),
(2012b), (2014) och Priest (2008)). Lat oss gé igenom nagra tillgénglighets-
regler. Uteldmnade steg bevisas pa liknande sitt. Stegen for de satslogiska
reglerna &r vilkdnda. Stegen for de grundlidggande temporala reglerna ar
enkla modifikationer av vilkénda bevis.

T-<FD. Antag att vi har i pd b, och att vi tillimpar T-<FD och fér en
utvidgad gren, b’, av b som innehéller i < j, dir j dr ny pé grenen. Eftersom b
ar satisfierbar i M, sa finns det en tidpunkt f(i) i M. M uppfyller villkoret C-
<FD. Alltsé finns det en tidpunkt t i M, sadan att f(i) < t. Lat f vara likadan
som f forutom att f'(j) = t. Da géller det att (i) < f'(j). Eftersom j inte
forekommer pa b, visar " att b’ ar satisfierbar i M.

T-<C. Antag att vi har i och j pa b, och att vi tillimpar T-<C pa denna
gren. Da fér vi tre utvidgningar av b, som slutar med i < j, i = j, respektive j <
i. Eftersom b &r satisfierbar i M, sé &r f(i) och f(j) i M. M uppfyller villkoret
C-<C. Alltsa giller det att f(i) < f(j), f(i) = f(j) eller {(j) < (i) i M. I varje fall
finns det en extension, b’, av b sddan att b’ ar satisfierbar i M.

T-<DE. Antag att vi har i < j pd b, och att vi tillimpar regeln T-<DE och
far i < k och k < j, dér k &r ny pa grenen. Eftersom b &r satisfierbar i M sa
finns det en funktion f sadan att f(i) < f(j) i M. M uppfyller villkoret C-<DE.
Saledes finns det en tidpunkt t i M, sddan att f(i) < t och t < f(j). Lat ' vara
likadan som f forutom att f'(k) = t. Da géller det att f'(i) < f'(k) och f'(k) <
f'(j). Eftersom k inte forekommer pa b, visar f" att b’ &r satisfierbar i M.

T-<FC. Antag att i < j och i < k dr pd b och att vi tillampar T-<FC pa
denna gren. D& far vi tre utvidgningar av b, som slutar med j < k, j = k,
respektive k < j. Eftersom b &r satisfierbar i M, sé géller det att f(i) < f(j) och
f(i) < f(k) i M. M uppfyller villkoret C-<FC. Det foljer att {(j) < f(k), {(j) =
f(k) eller f(k) < f(j) i M. I varje fall finns det en extension, b’, av b sddan att b’
ar satisfierbar i M.

Id(I). Antag att vi har A(i) och i =j pa b och att vi tillampar Id(I) pa denna
gren. Da far en utvidgning av b som innehéller A(j). Eftersom b ar
satisfierbar i M, sé géller det att f(i) = f(j). Om A(i) &r A, i, s& ar A sann i ().
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Alltsé &r A sann i f(j). Om A(i) &r i1 < k, sé géller det att f(i) < f(k). Det foljer
att f(j) < f(k), vilket skulle bevisas osv. I varje fall géller alltsd lemmat. ®

Teorem 7 (Sundhetsteorem). Lat S vara ett av de temporala system som
vi har introducerat i den hér uppsatsen och 1at F vara den klass av ramar som
korresponderar med S. D4 &r S starkt sunt med avseende pa F.

Bevis. Nir vi vdl har etablerat sundhetslemmat kan vi bevisa
sundhetsteoremet pa samma sétt som for olika modala eller multimodala
system (se t.ex. Ronnedal (2012), (2012b) eller Priest (2008)). B

5.2. Fullstandighet

Inducerad modell (Def.IM). Lat b vara en Oppen (avslutad) gren i en
semantisk tabla, och lat I vara méngden av alla tal pad b. Vi skall séga atti~j
omm i = j, eller i = j” eller ”j = i” forekommer pa b. ~ &r en
ekvivalensrelation och [i] 4r i’s eckvivalensklass (definierad av denna
relation). Den monotemporala modell, M = <T, <, V>, som induceras fran b

definieras pa foljande sitt:

T={ty:iel;

ti) <ty omm i < j forekommer pd b;

p dr sann vid t;;;, om p, i forekommer pa b;

p ar falsk vid tg;;, om —p, i forekommer pa b.

Om vért tablasystem inte innehéller nagra identitetsregler, reduceras ~ till
identitet och [i] = i. Alltsa kan vi i sddana system lata T vara {t;: i € I} och
gora oss av med ekvivalensklasserna. Notera ocksd att < och V ér
vildefinierade. Tack vare identitetsreglerna giller det ndmligen att om [i] =
[Toch[jl=[j'],sddri<jpdbommi <j arpdb, p,idr pd b omm p, i ar pa
b, och —p, i dr pd b omm —p, i’ dr pa b.

Lemma (Fullstandighetslemma). Lat b vara en gren pa en fullstdndig
tabld och lat M vara en modell som induceras fran b. Da géller det att:

(1) Om A, idrpd b, s& dr A sann i tf;, och

(i) Om —A, i dr pd b, sa ar A falsk i t;;).

Bevis. Beviset &r i allt visentligt detsamma som for olika modala system
och multimodal tidslogik (se t.ex. Ronnedal (2012), (2012b) eller Priest
(2008)). Stegen for de satslogiska konnektiven och for de grundlédggande
temporala operatorerna ér vilkédnda eller modifikationer av vilkénda bevis. B
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Teorem 8 (Fullstéandighetsteorem). Lat S vara ett av de system vi
diskuterar i den hér uppsatsen och 14t F vara den klass av ramar som
korresponderar med S. D4 ar S (starkt) fullstédndigt i relation till F.

Bevis. Beviset &r i allt vdsentligt detsamma som for olika modala och
multimodala system (se t.ex. Ronnedal (2012), (2012b), (2014) eller Priest
(2008)).

Den intressanta nyheten &r att vi maste visa att den modell som induceras
fran den Oppna grenen, b, i varje fall 4r av rétt slag. Vi skall ga igenom négra
av alla steg. Ovriga fall bevisas pa liknande siitt.

C-<FD. Antag att t;; € T. D4 forekommer i pd b [frén Def.IM]. Eftersom
b ér fullstindig, s& har T-<FD tillimpats och vi har i < j, for nigot j, pa b. Det
foljer att det finns en tidpunkt t};,, sédan att tj; < t;;; [frén Def.IM].

C-<4. Antag att t}; < tjj; och tf; < tyq, dar tp, t), tug € T. D4 férekommer i
< jochj <k pab [frin DefIM]. Eftersom b ar fullstindig, s& har T-<4
applicerats och vi har i <k pa b. Det foljer att t;;; < tj [frén Def.IM].

C-<DE. Antag att t}; < t;, dr tp;, t; € T. D4 forekommer i <j pd b [frén
Def.IM]. Eftersom b ér fullstindig, sd har T-<DE tillimpats och vi har i < k
och k <j, dér k &r ny. Det foljer att det finns en tidpunkt tp;, sddan att tj; < tq
och t[k] < t[l] [frﬁn DefIM]

C-<FC. Antag att t};; < t;; och tji) < tp, dér t), ), tug € T. D4 forekommer
i <jochi<kpdb [frin Def.IM]. Eftersom b &r fullstindig, sd har vi
tillimpat T-<FC och vihar j<k,j=kellerk<jpab. Omj=k adrpd b, sdj~
k; och om j ~k, sé [j] = [k]. Det foljer att tjj < tpq, t; = tq eller tg < tp;), vilket
skulle bevisas [fran Def.IM].

C-<UB. Antag att t[i] < t[j] och t[i] < t[k], dar t[i], tU]’ t[k] e T. Da forekommer
i <jochi<kpdb [fran DefIM]. T-<UB har applicerats, eftersom b ar
fullstédndig. Alltsd har vi j <1 och k <1 pd b, dir | 4r ny. Det foljer att det
finns en tidpunkt t; 1 T, sidan att tjj; < ty; och tyg <ty [frén Def.IM]. B
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Platsbhestamda Normer och
Kvantifierad Deontisk L ogik

Daniel Ronnedal

Abstrakt

Det tycks finnas normer som &r knutna till vissa platser eller geografiska
omraden, normer som uttalar sig om vad som bor, far och inte far vara fallet
pa olika stéllen. Det dr uppenbart att juridiska forbud, tillatelser och plikter
ofta ar av detta slag, men det dr rimligt att anta att &ven moraliska pabud kan
vara relaterade till specifika orter. Vi skall kalla sddana normer
”platsbestimda”. I den hér uppsatsen undersoker jag den logiska formen hos
sédana foreskrifter. Jag tar upp ett antal argument som innehéller péstdenden
om plikter, tillatelser och forbud som alla pa négot satt ar kopplade till vissa
platser. En del av dessa &r intuitivt giltiga medan andra ar intuitivt ogiltiga.
Jag visar hur man kan anvénda en kvantifierad deontisk logik for att forklara
dessa intuitioner. Den grundliggande tolkningen av platsbestimda normer
som presenteras i den hir uppsatsen bygger pa Donald Davidsons analys av
handlingssatser. Om denna &r korrekt, pekar den pa behovet av en
kvantifierad deontisk logik. Faktumet att tolkningen medfor intuitivt rimliga
resultat visar att analysen ifraga &r fruktbar.

1. Introduktion
Betrakta f6ljande normer:

Det &r inte tillatet att du parkerar din bil pa den héir gatan.

Det ar tillatet att du parkerar din bil pa den hér parkeringsplatsen.
Det dr forbjudet att du roker i den hér restaurangen.

Det dr tillatet att du roker i den hér rokrutan.

Du bér inte roka i din sing.

Det r inte tillatet att ndgon kdper sex i Sverige.

Det ér tillatet att du kdper sex i1 Tyskland.

Otaliga normer &r av detta slag. De tycks alla i ndgon mening referera till en
plats: den hér gatan, den héar parkeringsplatsen, den hér restaurangen, den har
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rokrutan, din séng, Sverige, Tyskland. Vi skall kalla normer av detta slag
”platsbestimda normer”. Hur skall man forstd den logiska formen hos
principer av detta slag? Vad foljer och vad foljer inte ur dem? Kan de
hérledas fran plikter, tillatelser och forbud som inte &r platsbestimda? Vi
skall i den hir uppsatsen undersdka normer av denna typ och vi skall se vad
de kan ténkas ha for logisk form. Den tolkning som presenteras bygger pa
Donald Davidsons analys av handlingssatser, som gar ut pa att vi explicit
kvantifierar 6ver handlingar nér vi symboliserar sddana satser. Denna analys
kraver att vi har tillgang till predikatlogikens variabler och kvantifikatorer
och den pekar darfor pa behovet av en kvantifierad deontisk logik.

Trots att normer av denna typ dr mycket vanliga kinner jag inte till ndgon
logisk undersdkning som explicit behandlar foreskrifter av detta slag.
Foljande uppsats ar darfor mer &n vél motiverad.

Uppsatsen dr indelad i 5 avsnitt. Avsnitt 2 innehéller en méngd argument
formulerade i svenska. Nagra av dessa dr intuitivt giltiga, nagra intuitivt
ogiltiga. Avsnitt 3 dr en genomgéang av Davidsons analys av handlingssatser
och nagra skél som talar for denna analys. I avsnitt 4 visar vi hur argumenten
i avsnitt 2 kan symboliseras i en kvantifierad deontisk logik och hur vi kan
anvéinda var logik for att bevisa att de intuitivt giltiga argumenten &r giltiga
och att de intuitivt ogiltiga argumenten &r ogiltiga. Detta talar for att den
tolkning vi foreslar &r fruktbar. Avsnitt 5 innehéller en sammanfattning av
uppsatsen och en slutsats.

2. Argument som innehaller platsbestamda nor mer
Vissa argument som innehéller platsbestimda normer tycks vara giltiga och
vissa tycks vara ogiltiga. Betrakta foljande argument.

Argument 1
Du bor inte roka.
Alltsé bor du inte roka i den hér byggnaden.

Argument 2
Det ar forbjudet att du drénker din granne.
Alltsa ér det forbjudet att du drénker din granne i din grannes pool.

Argument 3

Det ér tillatet att du roker 1 den hér rokrutan.
Alltsa ar det tillatet att du roker.
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Argument 4
Du bor inte roka nagonstans.
Alltsé bor du inte roka i din sing.

Argument 5
Det r inte tilldtet att du parkerar din bil ndgonstans.
Alltsa &r det inte tillatet att du parkerar din bil pa den hér gatan.

Argument 6
Det ér tillatet att du parkerar din bil pa den hér gatan.
Alltsa &r det tillatet att du parkerar din bil nagonstans.

Argument 7
Det ér inte tillatet att du parkerar ndgonting nagonstans.
Alltsa &r det forbjudet att du parkerar din bil pa den hér gatan.

Alla dessa argument tycks vara giltiga. Slutsatsen tycks i varje fall folja fran
premissen, dvs. det tycks vara nddvandigt att om premissen dr sann, sa &r
ocksé slutsatsen sann. Ett argument kan vara giltigt &ven om premisserna inte
ar sanna. S&, ndr vi séger att alla argument ovan tycks vara giltiga, sidger vi

ingenting om sanningsvérdena hos de olika premisserna.

Betrakta nu foljande argument.

Argument 8
Det dr forbjudet att du roker i den hér restaurangen.
Alltsé ar det forbjudet att du roker.

Argument 9
Det &r inte tillatet att du parkerar din bil pa den hir gatan.
Alltsé ar det inte tillatet att du parkerar din bil ndgonstans.

Argument 10
Du bor inte roka i din sdng.
Alltsa bor du inte roka nagonstans.

Alla dessa argument tycks vara ogiltiga, dvs. i varje fall tycks det vara
mdjligt att premissen dr sann och slutsatsen falsk. Betrakta t.ex. argument 8.
Det tycks kunna vara sant att det dr forbjudet att du roker i den har
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restaurangen samtidigt som det inte dr forbjudet att du roker. Det kan t.ex.
vara tillatet att du roker pé trottoaren utanfor restaurangen. P4 samma sétt
forhéller det sig med argument 9 och 10. Det tycks kunna vara sant att det
inte &r tillatet att du parkerar din bil p& den hér gatan samtidigt som det ar
tillatet att du parkerar din bil ndgon annanstans, t.ex. pd parkeringsplatsen.
Slutligen tycks det kunna vara sant att du inte bor roka i din séng samtidigt
som det r falskt att du inte bor roka nagonstans. Forvisso kanske det &r sant
att du inte bor roka nagonstans, eftersom det dr déligt for hilsa och ekonomi.
Men denna slutsats tycks inte folja fran premissen att du inte bor roka i din
sdng. Premissen kanske &r sann dérfor att det &r farligt att roka i séngen, det
kan borja brinna om man somnar med en tidnd cigarett. Det faktum att
slutsatsen i ett visst argument dr sann, medfor inte att argumentet ar giltigt.

Det tycks vara svart att forklara dessa intuitioner med hjilp av klassisk
monadisk deontisk logik. I en bimodal aletisk-deontisk logik (Ronnedal
(2012), (2012b)) kan man bevisa giltigheten hos argumenten ovan med hjilp
av implicita premisser. Betrakta t.ex. argument 2. Om vi lagger till premissen
att det &r nodvéndigt att om du drénker din granne i din grannes pool, sa
drinker du din granne, si kan vi bevisa att detta argument ar giltigt.' Pa
liknande sétt kan man visa att ovriga slutledningar ar giltiga. Men detta
kréaver att vi lagger till implicita premisser till varje argument. Fragan dr om
vi kan klara oss utan antaganden av sddant slag? Innan vi kan besvara denna
fréga skall vi undersdka Davidsons analys av handlingssatser.

3. Donald Davidsons analys av handlingssatser

Donald Davidson &r intresserad av att forstd vilken logisk form
handlingssatser har. I Davidson (1967) presenterar den amerikanske filosofen
ett forslag pd hur sddana satser kan analyseras med hjidlp av klassisk
predikatlogik.> Med en “handlingssats” menar han en sats i ett naturligt
sprak, sdsom svenska eller engelska, som uttalar sig om handlingar, t.ex.
”Anna sparkar Sara”, ”Jones bredde en smorgas i koket efter midnatt”, och
”Booth skot Lincoln med en derringer pa Fords teater”.

! Beviset “kriver” att vi antar att den s.k. deontiska tillginglighetsrelationen r inkluderad i den
s.k. aletiska tillgénglighetsrelationen. Antar vi detta foljer det att om det dr nddvéndigt att A
implicerar B och det &r forbjudet att B, sa ar det forbjudet att A.

2 Davidson (1967) har publicerats pa nytt som kapitel 6 i Davidson (2001), som ocksa innehaller
svar pa en del kritik som riktats mot analysen. For mer information om detta eller om Davidsons
filosofi i Ovrigt, se t.ex. Lemmons, Castafiedas och Chisholms kommentarer i Rescher (red.)
(1967), Gliier (2011), Lepore & Ludwig (red.) (2013), Ludwig (red.) (2003), McCann (2013),
och Pietroski (2013).
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Tanken &r att handlingsverb, verb som sidger vad nigon gor, bor
konstrueras pa ett sddant sitt att de innehaller en plats for singuldra termer
eller variabler, som de, atminstone vid en forsta anblick, inte tycks gora och
som refererar till eller kan bytas ut mot symboler som refererar till
handlingar. Handlingssatser innehdller sa att siga en implicit kvantifikator
som varierar over handlingar, som é&r ett slags héndelser. En héndelse ér,
enligt denna analys, en konkret, icke-upprepbar entitet.

Betrakta foljande sats:

(1) Anna sparkar Sara.

I vanlig satslogik symboliserar vi denna sats med en atomér proposition, t.ex.
S (Anna sparkar Sara). I predikatlogik kan vi formalisera ’sparkar Sara” med
ett ett-stilligt predikat, Sx (x sparkar Sara), som antas tillskriva x egenskapen
att sparka Sara. Ett alternativ dr att betrakta “sparkar” som ett
relationsuttryck, som kan symboliseras med ett tva-stélligt predikat, Sxy, som
sdger att x sparkar y. Antag att a och s dr singuldra termer som refererar till
Anna respektive Sara. ”Anna sparkar Sara” kan da antingen symboliseras
med ”Sa” eller ”Sas”. Enligt Davidson bor vi dock forstd ’sparkar” som ett
tre-stdlligt predikat och symbolisera ”Anna sparkar Sara” pa foljande sétt:

(1F) 3xSasx.

Variabeln x i Sasx kan bytas ut mot en term som refererar till en partikular
handling. Hela uttrycket séger att det finns en handling x som stér i en viss
relation till Anna och Sara, eller — alternativt — att det finns en handling x
som har egenskapen att sta i en viss relation till Anna och Sara. Det &r inte
helt 14tt att hitta ndgon smidig svensk sats som uttrycker samma sak. Kanske
det basta vi kan astadkomma &r foljande: ”Det finns ett x sddant att x &r en
handling som bestar i att Anna sparkar Sara”. Sasx sdger da att x har
egenskapen att vara en handling som bestar i att Anna sparkar Sara.

Men varfor skall vi acceptera denna komplicerade analys nér vi istéllet
kan anviinda de enklare symboliseringarna Sa eller Sas? Ar inte Davidsons
teori onddigt komplicerad och langsokt? Den svenska satsen ”Anna sparkar
Sara” innehaller inte ndgon “’kvantifikator” eller ndgot “kvantifikatoruttryck”
som varierar over handlingar, &tminstone inte explicit. L&t oss g& igenom
nagra skil som gor denna analys attraktiv.

Betrakta foljande satser:
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(2) Booth skjuter Lincoln pa Fords teater.
(3) Booth skjuter Lincoln.

(2) tycks medfor (3), men (3) tycks inte medféra (2). Om vi anvénder
Davidsons analys av dessa satser kan vi forklara detta. Lat b vara en singulér
term som refererar till Booth, 1 en singulédr term som refererar till Lincoln, f
en singuldr term som refererar till Fords teater, Syzx ett tre-stélligt predikat
som léses ”’x &r en handling som bestér i att y skjuter z”, och Pyx ett tva-
stalligt predikat som lidses ’x utfors pa y”. (2) symboliseras da péd foljande
satt (2F) 3Ix(Sblx A Pfx) och (3) pa foljande sitt (3F) IxSblx. Ix(Sblx A Pfx)
lases ”Det finns ett x sddant att x dr en handling som bestar i att Booth skjuter
Lincoln och x (denna handling) utfors pa Fords teater”, och 3xSblx ldses ”Det
finns ett x sdant att x dr en handling som bestér i att Booth skjuter Lincoln”.
(2F) medfor (3F) i vanlig predikatlogik, medan (2F) inte foljer ur (3F). Om vi
anvénder ett tva-stélligt predikat Sxy (x skjuter y) for att symbolisera (3) och
ett tre-stélligt predikat Sxyz (x skjuter y pd z) for att symbolisera (2), kan vi
dock inte visa detta. Sblf medfor inte Sbl.

Man kan anvidnda samma sorts analys for att ldgga till eller dra ifran en
obestimd mingd prepositionsfraser. Betrakta foljande satser:

(4) Booth skjuter Lincoln med en derringer pa Fords teater.
(5) Booth skjuter Lincoln pé Fords teater med en derringer.
(6) Booth skjuter Lincoln med en derringer.

(7) Booth skjuter Lincoln pé Fords teater. ((7) = (2))

(8) Booth skjuter Lincoln. ((8) = (3))

(4) och (5) tycks vara logiskt ekvivalenta (och alltsa medféra varandra). (4)
och (5) (var for sig) tycks medfora (6), (7) och (8). (6) och (7) (var for sig)
tycks medfora (8). (8) tycks inte medféra ndgon av de Ovriga satserna.
Varken (6) eller (7) tycks medfora varken (4) eller (5). (6) tycks inte medfora
(7) och (7) tycks inte medfora (6). Dessa fakta kan enkelt forklaras med hjilp
av Davidsons analys. Lat Dx vara ett ett-stilligt predikat som ldses ”x dr en
derringer” och Myx ett tva-stélligt predikat som ldses ”’x utfors med y” och
Ovriga symboler tolkas som ovan. Da kan (4) symboliseras pa foljande sétt
Ix(Sblx A Jy(Dy A Myx) A Pfx), (5) pé foljande sitt Ix(Sblx A Pfx A Jy(Dy A
Myx)), (6) pa foljande sitt Ix(Sblx A Fy(Dy A Myx)) och Ovriga satser pa
samma sétt som ovan. 3x(Sblx A Fy(Dy A Myx) A Pfx) ldses “Det finns ett x
sadant att x dr en handling som bestar i att Booth skjuter Lincoln och det
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finns ett y sddant att y &r en derringer och x utférs med y och x utfors pa
Fords teater, Ix(Sblx A Pfx A dy(Dy A Myx)) ldses ”Det finns ett x sddant att
x ar en handling som bestar i att Booth skjuter Lincoln och x utfors pa Fords
teater och det finns ett y sddant att y r en derringer och x utfors med y”, och
3x(Sblx A Jy(Dy A Myx)) ldses ”Det finns ett x sadant att x &r en handling
som bestér i att Booth skjuter Lincoln och det finns ett y sddant att y &r en
derringer och x utfors med y”. D& giller alla ovannidmnda implikationer.
Anvinder vi inte Davidsons analys &r det svart att forklara dessa fakta.

Ett annat skil som talar for Davidsons analys dr att den kan anvéndas for
att forklara vad vissa anaforiska pronomen refererar till. Betrakta foljande
sats.

(9) Booth skjuter Lincoln pa Fords teater och han gor det med en
derringer.

Ordet ”det” i den hér satsen &r ett anaforiskt pronomen. Men vad refererar det
till? Uppenbarligen inte till Booth, och inte till Lincoln, och inte till Fords
teater. Det enda “det” tycks kunna referera till & Booths handling. Om
Davidsons analys ar korrekt, kan vi forstd den logiska formen hos (9) pa
foljande sétt: Ix(Sblx A Pfx A Jy(Dy A Myx)). Utan Davidsons analys ar det
svért att hitta en rimlig symbolisering av (9).

Vidare, Davidsons analys blottldgger mangtydigheten hos en méngd olika
satser. Betrakta t.ex. foljande utsaga.

(10) Booth skjuter inte Lincoln med en derringer pa Fords teater.

(10) tycks ha atminstone tre olika ldsningar. Satsen kan betyda detsamma
som (10a) “Det &r inte fallet att Booth skjuter Lincoln med en derringer pa
Fords teater”, (10b) “Booth skjuter Lincoln med en derringer, men inte pé
Fords teater”, eller (10c) ”Booth skjuter Lincoln pa Fords teater, men inte
med en derringer”. Med hjilp av Davidsons analys kan vi symbolisera (10)
pa atminstone tre olika sétt: (10aF). —3x(Sblx A Jy(Dy A Myx) A Pfx), (10bF)
Ix(Sblx A Jy(Dy A Myx) A —=Pfx), (10cF) Ix(Sblx A Pfx A —3y(Dy A Myx)).
Davidsons analys har alltsd den fordelen att den forutsdger ldsningar som
reflekterar den mangtydighet som tycks finnas i naturliga sprak.
Har foljer ett annat exempel.

(11) Alla musiker flyttar pianot.
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Betyder denna sats att alla musiker tillsammans deltar i en kollektiv handling
och flyttar pianot, eller betyder den att varje musiker var for sig utfér en
handling som bestar i att flytta pianot? En rimlig uppfattning tycks vara att
satsen har bdda dessa lasningar. Om detta &r korrekt, speglar Davidsons
analys mangtydigheten hos satser av detta slag pa ett mycket bra sitt. Lat p
vara en singuldr term som refererar till pianot, Mx vara ett ett-stélligt predikat
som ldses ”x dr en musiker” och Fyzx ett tre-stilligt predikat som ldses ”x &r
en handling som bestar i att y flyttar z”. Da kan (11) symboliseras med
Vy(My — 3IxFypx) eller med Ix(Vy(My — Fypx)).

Notera att satsen “Booth skjuter Lincoln” inte tycks medfora att Booth
skjuter Lincoln endast en gang. Att Booth skjuter Lincoln tycks vara forenligt
med att Booth skjuter Lincoln flera génger. Dessa fakta speglas vil i vara
predikatlogiska symboliseringar. 3xSblx medfor att det finns en handling som
bestar i att Booth skjuter Lincoln, men inte att det finns endast en sadan
handling.

Kanske kan andra handlingssatser analyseras pa liknande sitt, t.ex.
handlingssatser som innehéller andra adverbial som modifierar verben i
saddana satser. “Jessica springer fort” skulle d& kunna symboliseras pa
foljande sitt: Ix(Sjx A Fx). Men vi behover inte ta stéllning till om detta ar
riktigt eller ej. De ovanstdende punkterna &r tillrickliga for att visa att
Davidsons grundldggande idé dr mycket attraktiv.

Sa, dven om Davidsons analys kanske inte forefaller vara sarskilt
tilltalande vid en forsta anblick, s& finns det goda skél att acceptera den. Vi
skall nu se hur denna analys kan anvindas for att forklara de intuitioner vi
ndmnde i avsnitt 2.

4. Analys av argument

Vi skall 1 det hér avsnittet visa att argument 1-7 i avsnitt 2 &r giltiga och att
argument 8-10 i samma avsnitt dr ogiltiga, givet att Davidsons analys av
handlingssatser &r riktig. For att visa att argument 4-7 ar giltiga tycks det
dock krévas att vi adderar vissa implicita premisser. Mer om detta senare. Jag
kommer inte att g& igenom alla hérledningar, men jag kommer att ta upp
nagra exempel. For att visa att ett argument ar giltigt kommer vi i regel att
anvinda s.k. semantiska tablasystem. Den intuitiva tanken &r att en
slutledning ar giltig om och endast om det dr omdjligt att slutsatsen &r falsk
om alla premisser ar sanna. S&, for att visa att ett argument ar giltigt antar vi
att alla premisser dr sanna och slutsatsen falsk. Om detta antagande leder till
en motsdgelse, kan vi sluta oss till att resonemanget ar giltigt. For mer

84



Platsbestdmda Normer och Kvantifierade Deontisk Logik

information om de semantiska tablasystem som anvénds i den hir uppsatsen,
se Ronnedal (2015), (2012b). O, P och F ir satsoperatorer som tar satser som
argument och ger satser som virde. OA lises "Det &r obligatoriskt att A”
eller ”Det bor vara fallet att A”, PA lidses ”Det ér tillatet att A”, FA ldses "Det
ar forbjudet att A”. I den hér uppsatsen bortser vi dock frén att dessa system
ar inbdddade i en temporal dimension. Detta forenklar framstéllningen.
Notera ocksd att vi anvinder “aktualistiska” kvantifikatorer i den hér
uppsatsen om inget annat sdgs; 3 och V varierar ver existerande entiteter.

Betrakta argument 1. Med hjédlp av Davidsons analys kan denna
slutledning symboliseras pa foljande sétt:

Formalisering av argument 1
O—3xRdx (Du bér inte roka.)
O—3x(Rdx A Ibx) (Du bér inte roka i den hér byggnaden.)

Individtermen d refererar till dig, b refererar till den hér byggnaden, Ryx
lases ”x ar en handling som bestar i att y roker”, och Iyx lises ”x utfors i y”.
Foljande informella resonemang visar att detta argument &r giltigt. OA ar
sann i en mdjlig virld om och endast om A &r sann i alla deontiskt
tillgdngliga varldar. Antag att O—3xRdx 4r sann i den aktuella virlden @. Dé
ar —3xRdx sann i alla vérldar som ér tillgéngliga fran @. Tag en godtycklig
sadan virld w. D4 dr —3xRdx sann i w. Alltsa dr —3Ix(Rdx A Ibx) sann i w
[med hjalp av klassisk (fri) predikatlogik]. Eftersom w var godtycklig, géller
detta for alla vérldar tillgdngliga fran @, dvs. —3x(Rdx A Ibx) &r sann i alla
@-tillgéngliga vérldar. Det foljer att O—3x(Rdx A Ibx) dr sann i @. Alltsé &r
argument 1 giltigt.
Betrakta argument 8.

Formalisering av argument 8
F3ax(Rdx A Irx) (Det ar forbjudet att du roker i den hér restaurangen.)
F3xRdx (Det ar forbjudet att du roker.)

Ryx, Iyx och d tolkas som ovan, r refererar till den hér restaurangen. Foljande
modell visar att detta argument inte ar giltigt. W dr mingden av alla mdjliga
varldar och D é&r individdominen. W = {w,, w,}. w; &r deontiskt tillgénglig
frén wy. D = {d, c, r} och alla entiteter existerar i badda vérldarna. Rdc ar sann
i wy, Irc, Rdd och Rdr ér falska i wy. Alltsd 4r —3x(Rdx A Irx) sann i w;. Det
foljer att FAx(Rdx A Irx) ar sann i w,. Eftersom Rdc &r sann i w; och ¢
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existerar i denna virld, sa d&r 3xRdx sann i w;. Det foljer att FAxRdx &r falsk i
wo. Alltsd dr premissen sann i wy, men slutsatsen falsk. Det fOljer att
argument 8 ar ogiltigt.

Argument 2 kan nu formaliseras pé foljande sétt.

Formalisering av argument 2

F3xDdgx (Det ér forbjudet att du drénker din granne.)

F3x(Ddgx A Ppx) (Det ar forbjudet att du dranker din granne i din
grannes pool.)

Dyzx lises ’x dr en handling som bestér i att y drénker z”, Pyx ldses "’x utfors
1y”, d refererar till dig, g refererar till din granne, och p refererar till din
grannes pool. Féljande semantiska tabla visar att detta argument &r giltigt.

F3xDdgx, 0
—F3x(Ddgx A Ppx), 0
O—3xDdgx, 0
P3x(Ddgx A Ppx), 0
Osl
Ix(Ddgx A Ppx), 1
—3xDdgx, 1
Vx—Ddgx, 1
Ec, 1
Ddgc A Ppc, 1
Ddgc, 1
Ppc, 1
—Ddgc, 1

*

Lat oss nu undersoka argument 9. Har foljer en formalisering av denna
slutledning.

Argument 9

—P3x(Pdbx A Igx) (Det &r inte tillatet att du parkerar din bil pa den hér
gatan.)

—P3x(Pdbx A Jylyx) (Det &r inte tillatet att du parkerar din bil
nagonstans.)
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Pyzx ldses ”x édr en handling som bestar i att y parkerar z”, Iyx léses ’x sker
pad y”, d refererar till dig, b till din bil, och g till den hir gatan. Foljande
modell visar att detta argument inte ar giltigt. W = {w,, w}, w; ar deontiskt
tillgénglig fran wo. D = {b, ¢, d, e, g}, ¢ och e existerar i wy; inga individer
existerar i wy. Pdbc och Iec &dr sanna i wy, Igc och Pdbe &r falska i wy.
Eftersom Pdbe ar falsk i w; dr Pdbe A Ige falsk i wy. Eftersom Igc ar falsk i
w dr Pdbe A Ige falsk i wy. Alltsd dr —3x(Pdbx A Igx) sann i wy. For ¢ och e
ar de enda individer som existerar i wy. Det foljer att —P3ax(Pdbx A Igx) &r
sann i wy. Eftersom Iec &r sann i w; och e existerar i w; dr dylyc sann i w.
Alltsa &r Pdbc A Jylyc sann i wy. Det foljer att Ix(Pdbx A Jylyx) ér sann i wy.
For c existerar i wy. Alltsa dr —P3x(Pdbx A Jylyx) falsk i w,. Premissen ar
alltsé sann i wy och slutsatsen falsk. Det foljer att argument 9 inte &r giltigt.
Vi fortsitter med att analysera argument 3.

Formalisering av argument 3
P3Ix(Rdx A Irx) (Det ar tillatet att du roker i den hér rokrutan.)
P3xRdx (Alltsé ar det tillatet att du roker.)

Ryx och d tolkas som ovan. lyx ldses ”x utfors i y”” och r refererar till den har
rokrutan. Féljande semantiska tabla visar att detta argument &r giltigt.

Pax(Rdx A Irx), 0
—P3xRdx, 0
O—3xRdx, 0

0Osl
Ix(Rdx A Irx), 1
—ElXRdX, 1
Vx—Rdx, 1
Ec, 1
RdcAlre, 1
Rdc, 1
Irc, 1
—|RdC, 1
%k

Lat oss ga igenom ytterligare ett par argument. Argument 5 kan, om
Davidsons analys &r korrekt, symboliseras pa foljande sitt.
Formalisering av argument 5
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—P3x(Pdbx A ySyx) (Det dr inte tillatet att du parkerar din bil
nagonstans.)

—P3x(Pdbx A Sgx) (Alltsa ar det inte tillatet att du parkerar din bil pa
den hér gatan.)

Detta argument &r giltigt om vi tolkar kvantifikatorerna possibilistiskt, vilket
visas av nedanstdende semantiska tabla.

—P3x(Pdbx A FySyx), 0
—P3x(Pdbx A Sgx), 0
O—3x(Pdbx A dySyx), 0
P3x(Pdbx A Sgx), 0
0Osl
Ix(Pdbx A Sgx), 1
—3x(Pdbx A FySyx), 1
Vx—(Pdbx A FySyx), 1
Pdbc A Sge, 1
Pdbc, 1
Sgc, 1
—(Pdbc A ySyc), 1
4 N
—Pdbc, 1 —3ySyc, 1
* Vy-Sye, 1
—Sgc, 1
*

Tolkas kvantifikatorerna aktualistiskt, 4r dock ovanstdende tabla inte korrekt
och argumentet ogiltigt. Det sista steget pa den hdgra grenen é&r inte tillatet.
Om vi anvinder aktualistiska kvantifikatorer, kan vi addera —Sgc, k till en
Oppen gren om vi har Vy—Syc, k och Eg, k p& denna gren; men det kan vi
inte géra om vi bara har Vy—Syc, k. Vi maste sa att sdga forst veta att g
existerar 1 k. Det hér &r ett problem eftersom argumentet &r intuitivt giltigt
och eftersom det &r osdkert om det &r rimligt att tolka kvantifikatorerna
possibilistiskt i vdra symboliseringar.

Om vi antar att ett ting endast kan ha en egenskap i en mdjlig virld om
det existerar i denna vérld, s& blir argumentet giltigt. Vi kan da fran Sgc, 1
sluta oss till Eg, 1, och med hjilp av denna nod och Vy—Syc, 1 hirleda —Sgc,
1, och sluta den hogra grenen. Det enda sittet att gdra argumentet giltigt om
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vi vill anvdnda aktualistiska kvantifikatorer och hélla fast vid den aktuella
symboliseringen utan att gora detta antagande, tycks vara att lagga till vissa
implicita premisser.

Det tycks finnas tva sitt att gora detta. Vi kan ldgga till premissen att den
hir gatan existerar och att den existerar med nddvindighet. Med denna
premiss blir argumentet giltigt. Det &r knappast logiskt nddvandigt att den hér
gatan existerar, men det kan vara historiskt nodvéndigt. Givet att den faktiskt
existerar dr det rimligt att anta att det ocksé &r historiskt nédvéandigt att den
existerar. Vi kan ocksa visa att argumentet dr giltigt om vi lagger till den
implicita premissen att det &r nodvéandigt att om du parkerar din bil pa den
hér gatan, s& parkerar du din bil ndgonstans. Och denna premiss forefaller
vara intuitivt mycket rimlig. Nedanstaende tabla bevisar detta.’

—P3x(Pdbx A FySyx), 0
O(3x(Pdbx A Sgx) — Ix(Pdbx A JySyx)), 0
—P3x(Pdbx A Sgx), 0
P3x(Pdbx A Sgx), 0
O—3x(Pdbx A dySyx), 0
Osl
Ix(Pdbx A Sgx), 1
—3x(Pdbx A FySyx), 1
Orl
Ix(Pdbx A Sgx) — Ix(Pdbx A FySyx), 1
Ix(Pdbx A JySyx), 1
*

Liknande problem uppstar da vi forsdker analysera argument 4, 6 och 7. Har
ir en symbolisering av argument 7.

Formalisering av argument 7

—P3x(IyPdyx A FzSzx) (Det r inte tillatet att du parkerar nagonting
nagonstans.)

F3x(Pdbx A Sgx) (Det &r forbjudet att du parkerar din bil pa den har
gatan.)

® Vi "forutsitter” i denna slutledning att den deontiska tillginglighetsrelationen r inkluderad i
den aletiska tillgédnglighetsrelationen.
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Detta argument ir inte giltigt om kvantifikatorerna tolkas aktualistiskt, men
det ar giltigt om kvantifikatorerna tolkas possibilistiskt, vilket nedanstidende
semantiska tabld bevisar.

—P3x(IyPdyx A FzSzx), 0
—F3x(Pdbx A Sgx), 0
O—3x(FyPdyx A 3zSzx), 0
P3x(Pdbx A Sgx), 0
0Osl
Ix(Pdbx A Sgx), 1
—3x(JyPdyx A FzSzx), 1
Vx—(IyPdyx A 3zSzx), 1
Pdbc A Sge, 1
Pdbc, 1
Sgc, 1
—(3yPdyc A 3zSzc), 1
"4 N
—dyPdyc, 1 —3zSzc, 1
Vy—Pdyc, 1 Vz—Szc, 1
—Pdbec, 1 —Sgce, 1
* *

Anvinder vi aktualistiska kvantifikatorer kan vi bevisa att argumentet ar
giltigt t.ex. om vi lagger till den implicita premissen att det 4r nddvéndigt att
om du parkerar din bil pa den hédr gatan, s& parkerar du ndgonting nagonstans.

Ovriga argument bevisas pa liknande sétt. Att argument 10 inte 4r giltigt
bevisas pad samma sitt som ovan.

Om Davidsons analys av handlingssatser &r riktig, kan vi alltsd forklara
alla intuitioner om argumenten i avsnitt 2. Om vi inte kan anvéinda
possibilistiska kvantifikatorer, tycks det forvisso som om vi méste ldgga till
vissa implicita premisser. Men dessa premisser forefaller vara intuitivt
rimliga. Diskussionen pekar pa behovet av en kvantifierad deontisk logik och
visar ocksa att Davidsons analys ar fruktbar. Faktumet att Davidsons analys
pa ett smidigt sitt kan kombineras med deontisk logik ar ytterligare en
anledning att ta denna analys pé allvar.

5. Slutsats

Jag har i den hér uppsatsen undersokt sa kallade platsbestimda normer. En
platsbestimd norm dr en norm som &r knuten till en viss ort eller ett visst
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geografiskt omrade. Normer av detta slag uttalar sig om vad som bér, far och
inte far vara fallet pa olika stédllen. Juridiska forbud, tillatelser och plikter &r
ofta av detta slag, men moraliska foreskrifter tycks ocksd kunna vara
relaterade till specifika platser. Jag gick igenom Donald Davidsons analys av
sa kallade handlingssatser och visade hur denna analys kan anvéndas for att
forstd den logiska formen hos platsbestimda normer. Enligt Davidson
kvantifierar vi "implicit” 6ver handlingar i vara handlingssatser. Diskussion-
en pekar darfor pa behovet av en kvantifierad deontisk logik. Jag tog upp ett
antal argument som innehaller pastdenden om plikter, tillatelser och forbud
som alla pa nagot sétt dr kopplade till vissa platser. En del av dessa &r
intuitivt giltiga medan andra &r intuitivt ogiltiga. Jag visade hur man kan
anvinda en kvantifierad deontisk logik for att forklara dessa intuitioner. Om
resonemangen i den hér uppsatsen &r riktiga, s har vi lyckats presentera en
analys av den logiska formen hos platsbestimda normer som har intuitivt
rimliga konsekvenser. Diskussionen ger stdd at uppfattningen att Davidsons
analys dr plausibel och visar ocksa att de logiska system som utvecklas i
Ronnedal (2015) ar filosofiskt relevanta.

Mer skulle kunna sdgas om alla dmnen i den hér uppsatsen, kanske
framfor allt om analysen av de argument som innehéller uttrycket
”négonstans”. Det vore ocksé onskvért att sdga nadgot mer generellt om hur
olika platsbestimda normer forhaller sig till varandra. Jag hoppas kunna
aterkomma till &mnet vid ett senare tillfille.
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Frowe s Machine Cases

William Simkulet

Abstract

Helen Frowe (2006/2010) contends that there is a substantial moral
difference between killing and letting die, arguing that in Michael Tooley's
infamous machine case it is morally wrong to flip a coin to determine who
lives or dies. Here I argue that Frowe fails to show that killing and letting die
are morally inequivalent. However, I believe that she has succeeded in
showing that it is wrong to press the button in Tooley's case, where pressing
the button will change who lives and dies. I argue that because killing and
letting die are morally equivalent we have no reason to press the button in the
machine case. Pressing the button in this case is morally wrong because there
is no reason to do it; to press the button is to treat matters of life and death
irreverently.

Introduction

In Helen Frowe's “Killing John to Save Mary: A Defense of the Moral
Distinction between Killing and Letting Die,” she argues that there is a
substantial moral difference between killing and letting die. She sets out to
demonstrate the difference by analyzing Michael Tooley's machine case:

1. Machine — Two children — John and Mary — have been placed
inside two chambers in a machine. Between the two chambers is a
canister of poison gas that will shortly be released into Mary’s
chamber. However, if a passerby presses a button on the machine, the
gas will be released into John’s chamber instead.’

! For the original version of this case, see Tooley (1980). For the purposes of each case discussed
in this paper assume the agents involved are infallible about the consequences of their actions
unless otherwise noted.
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Tooley infamously contends that because killing and letting die are morally
equivalent?, the passerby ought to flip a coin to decide whether to press the
button. Frowe argues that the passerby shouldn't press the button, nor should
he flip a coin to decide whether to press the button because (1) there is a
significant moral difference between killing and letting die (killing is worse)
and (2) pressing the button would be a case of redirecting harm from one
person to another — from Mary to John — and thus pressing the button is
worse than doing nothing. Frowe argues that it is only acceptable to
redistribute harm to others if they have what she calls "a "fair chance" to
avoid being at risk of harm." (59) Frowe constructs a series of cases that she
believes illustrates these two points.

This paper is divided into three sections. In the first, I look at Frowe's
argument that killing and letting die are inequivalent. I argue that Frowe fails
to show that there is a morally significant difference between killing and
letting die. In the second, I look at Frowe's theory of redirecting harm, and
argue that it is inconsistent with our commonsense moral intuitions regarding
self-defense. Despite this, I contend that Frowe has given us the tools to show
that pressing the button in the machine case is morally wrong regardless of
whether killing and letting die are equivalent. In the third section I argue that
if killing and letting die are morally equivalent, then the outcome of pressing
the button is morally equivalent to the outcome of not pressing the button. As
the outcomes are (by assumption) equivalent - either Mary dies or John dies -
the agent lacks any moral reason to intervene. To press the button, then, is at
least prima facie morally wrong because it is a waste of time and effort.
Furthermore, there is another reason why we shouldn't press the button - or
flip a coin - in this case - it treats matters of life and death irreverently.

I. On Killing and Letting Die
To illustrate the difference between killing and letting die, Frowe compares
the following two cases:

2. Disease — Both John” and Mary” have a fatal disease. Their doctor
has a single dose of the antidote. “Neither John nor Mary has any prior
claim upon the antidote.” (Frowe, 57)

% To use James Rachels' terminology, all else being equal there are the same reasons against
killing as there are letting die, and thus killing and letting die are morally equivalent. See
Rachels (1975), (1979), (2001).
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3. Diseased Mary — Mary”™ has a fatal, non-communicable disease.
She is trapped in a room with John®™ (sedated) and the instructions
and materials necessary to make the cure — a gas poisonous to those
without the disease. She will die before help arrives to free either of
them from the room.

Frowe contends that in Disease, “one ought to toss a coin” to determine who
lives; but in Diseased Mary “one should not toss a coin to see whether Mary
can permissibly [kill] John.” (57) There are two problems with comparing
these cases to the machine case - (1) flipping the coin plays a different role in
Machine than it does in Disease, and (2) Diseased Mary differs from Disease
in that there is no impartial third party.

For Tooley, in Machine, the passerby finds himself caught in a Buridan's
ass-type situation. He believes that all life is precious, and after examining
the machine and trying to see if he can free both of the children, he concludes
that there are only two options - (a) press the button (kill John, save Mary) or
(b) not press the button (let Mary die, let John live). For Tooley, the coin flip
serves as an ad hoc subjectively-indeterministic tie-break to free the passerby
from his indecision. Tooley's passerby believes that both options are morally
equivalent, and yet he has to choose between the two (otherwise he'd be
stuck, unable to make a choice, like Buridan's Ass was said to be stuck
indefinitely between two equally appetizing options, unable to choose
between them).

In contrast, in Disease, for Frowe, flipping the coin is used as a fair and
impartial means to determine who gets the antidote. John” and Mary” are
equally deserving, but only one can get the antidote. Here the coin flip serves
as an ad hoc subjectively-indeterministic tie-breaker, but unlike in Tooley's
case, the coin flip is supposed to makes the outcome fair.

To illustrate this difference, suppose two passersby pass by Tooley's
machine. The first finds herself equally drawn to pressing the button and not
pressing it, and flips a coin to decide what she will do. Let's say she presses
the button, redirecting the harm from Mary to John. The second passerby also
flips a coin, then flips the switch redirecting the harm back from John to
Mary. If the coin flip is an indeterministic means of breaking her mental
stalemate, the first passerby might notice the second pressing the button -
undoing her work - but she would have no reason to be offended or to go
back and press the button again.
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In contrast, suppose two doctors enter the room in Disease. For Frowe,
the coin flip determines the just outcome. If a second doctor stopped the
administration of the antidote and flipped a second coin, then gave it to the
winner of the second coin flip rather than the first, this would be considered
unfair and the first doctor would have a moral reason to intervene.

The second problem with Frowe's analysis turns on the fact that Diseased
Mary is unlike the previous two cases in that there is no impartial third party.
Coin-flips in both Machine and Disease were used by impartial third parties
to guide their actions. Here Mary is not an impartial third party. The relevant
question here is whether Mary is morally justified to kill in self-defense.
Commonsense ethics, and many normative ethical theories, seem to hold that
it is morally acceptable for innocent persons to kill other innocent persons in
self-defense. Although such cases are rare, it is generally accepted that when
all else is equal, we can put our own well-being ahead of that of others. Mary
is justified in creating the cure that will incidentally kill John in Diseased
Mary because she is acting in self-defense. For Frowe’s purposes, though, we
need a revised case:

3a. Diseased Mary in the Machine — John”™™ and Mary®™™ — have
been placed inside two chambers in a machine separated by a thin
plastic wall. Mary®™™ has a fatal, non-communicable disease. In
John®™s chamber are all of the instructions and materials for
making the cure — a gas fatal to those without the disease. By pressing
a button on the machine, a passerby can dissolve the plastic wall
between the two chambers.

Unlike Diseased Mary, this case is not a case of self-defense.

Frowe says “One way that we can explain the difference between Disease
and Diseased Mary is by thinking about the courses of action that we could
justify to John.” (57) There are two substantive flaws with this stance. First,
if we're interested in justifying our potential actions, we should be equally
interested in justifying them to Mary as we are in justifying them to John.

Second, there is a substantive difference between justifying an act and
justifying an act to John; the latter seems to imply that we need John's
permission to morally engage in the act - in this case putting John in danger -
but I suspect many wouldn't be inclined to consent to being put in danger,
even if doing so was morally acceptable. For example, most people believe
that killing in self-defense is morally acceptable - especially killing vicious
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agents who freely put your life at risk. Suppose a vicious murderer kidnaps
you and locks you in a cage deep in his basement and that, while readying his
weapons, he explains that he is going to kill you. It occurs to you, however,
that you might be able to save yourself if you kill him first. It would be quite
absurd to suggest that you would need to be able to (counterfactually) justify
your act of self-defense to the killer in order to kill in self-defense.

Most moral philosophers would have no trouble justifying the right to kill
in self-defense, but it is a radically different question whether or not such a
justification would be sufficient to justify it to the killer. Whether we can
justify our action to the killer is irrelevant to whether or not we can kill the
killer in self-defense.

In Disease, Frowe contends both John and Mary would consent to a coin
flip deciding their fate; but that “In Diseased Mary John has no reason to
agree to a third party’s tossing a coin to decide whether Mary can
manufacture the gas.” (58) It's not clear that a third party has any bearing
over Mary's actions in Diseased Mary, so for our purposes Frowe would
contend that in Diseased Mary in the Machine John would have no reason to
agree to the passerby's tossing a coin to decide whether to press the button.
Still, this line of reasoning raises three problems.

First, it's not clear that Mary and John wouldn't advocate for some other
ad hoc arbitrary decision making convention, such as "first-come, first
served," the outcome of a game of checkers, etc. If we stipulate Mary and
John are rational, self-interested individuals, then there's no reason to think
they'd consent to a truly impartial decision making method at all - they'd
prefer the method that would give them the best chance to live. This
illustrates an important unparallel between Frowe's analysis of Disease and
Diseased Mary - Mary's interests aren't consulted in the latter, and thus
Frowe puts Mary at a disadvantage.

This unparallel is the second problem with Frowe's analysis. Here, Frowe
seems to be begging the question - assuming that there is a morally relevant
difference between killing and letting die, such that our actions need to be
justified to John more so than Mary, because we'd be killing John, but merely
letting Mary die. However, killing and letting die each affect the dying
equally, so if we're interested in justifying our actions, we should be
interested in what justification the passerby in Diseased Mary in the Machine
could give to both parties to justify treating them unequally, to justify letting
the person who put them in the machine decide their fate, or to justify letting
luck (the flipping of a coin) decide who lives and who dies. Frowe contends
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pressing the button cannot be justified to John, but certainly his inaction
would be comparably uncomforting for Mary!

Third, Frowe's reliance on justification here seems inherently misguided -
in some cases, John might agree to be killed to save Mary's life. Perhaps John
is altruistic, perhaps he's suicidal. If John's consent matters here, this is
morally relevant, such that Frowe should at least consider that in some cases
killing might be preferable to letting die - when one has the consent of both
parties.

I1. On Redirecting Harm

Killing is wrong in Machine, Frowe contends, because it is redirecting harm
to John “and John is not part of the lethal sequence of events that threatens
Mary’s life.” (58) Frowe contends that it is not always wrong to redirect
harms; she says doing so would be acceptable in cases like the following:

4. Body Armor — Aggressor shoots at Victim. Bystander is nearby and
can protect herself by putting on body armor, but refuses “because
protective clothing is unflattering.” (58-59) Victim can save himself
only by deflecting a bullet towards Bystander.’

The relevant difference between Body Armor and Machine, she contends, is
that Bystander had a prior chance to avoid even the risk of harm. Frowe
contends “If the bystander had no chance to avoid her position... it is
impermissible to kill [her] in... self-defense.” (59) This suggests that if the
bystander had a chance to avoid putting herself in harm's way and failed to do
so (whether intentionally or negligently), then it may be acceptable to kill her
in self-defense.

By the same token, if there is no morally relevant difference between
killing and letting die, then in Diseased Mary, Mary®™ may be justified in
acting to save her own life in such a way that will unintentionally kill John"™
if John”™ had previously had a chance to avoid being trapped in the room.
Notably Frowe does not specify whether John®™ could have avoided being
locked in the room with Mary™™.

I agree that Victim would have different moral obligations towards a
negligent Bystander than towards a virtuous Bystander; however her account
in Body Armor is still radically inconsistent with our commonsense intuitions
regarding killing in self-defense. Consider:

® For the purposes of this and the following case, bullets are always lethal.
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4a. No Body Armor — Aggressor”™ shoots at Victim™ with his last
bullet. Bystander” is nearby — wrong place, wrong time. Victim* can
save himself only by deflecting a bullet towards Bystander”.

While tragic, my intuition is that Victim® is morally justified in acting in self-
defense, even at the possible cost of an innocent person’s life. (Of course
Victim® might, like John, justifiable choose to put the life of others ahead of
his own, but this isn't required.) Self-defense cases are generally problematic
because even those committed to the view that everyone’s life is morally
equivalent tend to have strong intuitions in favor of putting one's own life
ahead of others in self-defense cases. One explanation is that (innocent)
persons have a right to self-defense. Insofar as rights go, this one seems
straightforward enough. Assuming moral agents have a right to life, in cases
of scarcity and conflict there is a prima facie moral obligation to act to
prevent conflict; but when there is no other course, killing in self-defense is
prima facie morally acceptable.

However, because I am generally leery of rights-talk, an alternate
explanation for why we are morally justified in choosing to preserve
ourselves over others turns on our privileged access to our private mental
states and moral history. For the moment, let's assume Victim” is a generally
good person. If this is the case, all else being equal, Victim”* has more reason
to believe he is innocent than a stranger, and because he is morally obligated
to favor innocent persons over villainous ones, he is obligated to favor
himself over Bystander”. This does not mean that Victim* doesn’t have any
moral obligations to Bystander”. If Victim” has the option to either deflect
the bullet and certainly kill Bystander® or deflect it in such a way it would kill
no one, all else being equal he is morally obligated to do the latter. Frowe
contends that this kind of obligation would be lesser for “willing bystanders”
in the same position as the one in Body Armor — but it would be quite odd if
Frowe thinks that the killing would only be justified in terms of the relatively
minor moral failing of being negligent. It's certainly not something that you
can reliably justify to the negligent bystander, who - much like John - would
probably vote against any action that would result in his death.

I think the privileged access account above is superior to the rights-based
account because it explains our intuitions in rare cases where self-defense
comes at a steep price. Consider the following case:
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4b. Impending Nuclear Armageddon — Terrorists have hacked into a
nuclear armed submarine, and have aimed the missiles at a large
number of highly populated targets. The only way to stop these
missiles from launching is to activate the convenient new "self-
destruct" system that responds to the captain's voice. As the captain
begins uttering the self-destruct code, Ricky (a reporter covering the
submarine) decides that he doesn't want to die and realizes that he can
use his microphone cord to strangle the captain, preventing him to
blowing up the ship, saving his life at the cost of millions of others.

According to the rights-based theory, it is morally acceptable (but not
obligatory) for Ricky to kill the captain. However, according to the privileged
access theory, because Ricky has overwhelming evidence that killing the
captain will result in the deaths of many innocent persons, it is unacceptable
to do so. Though, this is not to say that it is morally unacceptable to risk the
lives of immoral persons to save yourself; consider this variation of Body
Armor

4c. Willing Spectators — Sparky has been enslaved and forced to fight
in the Coliseum in front of legions of fight fans fully aware and
apparently indifferent to the fact that he has been enslaved. One day, a
lion lunges at Sparky, who has to choose whether to let the lion maw
him, or to deflect the lion into the stands where he will no doubt kill
many spectators.

Just as Frowe thinks it is justifiable to deflect a bullet in Body Armor, I think
it is acceptable to deflect the lion in Willing Spectators. Even if the immoral
actions of the spectators are not worthy of death, I think their immoral action
absolves Sparky — and us — from having to worry about their well-being in
such a case. They might not have deserved to be killed, but they did fail,
morally. In contrast, in Diseased Mary, even if it is morally acceptable for
Mary to kill John to save her own life, she shouldn't be happy about it.

I have the strong intuition it is acceptable to kill in No Body Armor, but
Frowe argues it is wrong to deflect harm onto innocents. Still, I suspect she
would conclude it is morally acceptable to kill innocents who are the sources
of possible harm to you, for example virtuous soldiers on opposing sides
during war. It strikes me as odd that it would be acceptable to kill innocent
persons trying to fulfill their moral obligations, but not innocent persons in
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the wrong place at the wrong time. However, Frowe contends that it is
acceptable to deflect the bullet in Body Armor solely because of Bystander’s
moral failing, and contends it is never morally acceptable to kill “bystanders”
(those who have not initiated a threat) in self-defense. Believing this, she
turns to her penultimate case:

5. Armed Machine — John*" and Mary*™ — have been placed inside
two chambers in a machine. Mary™™ will be killed unless a passerby
presses the button. If the button is pressed, John™™ will be killed in
her stead. Their kidnapper has armed John™“ and Mary*™ with
modified automatic-weapons fixed to the outside of the machine. The
trustworthy kidnapper tells them that one of the weapons is loaded
with live ammunition, and one is loaded with blanks, and that the
weapons can only fire on a warm heat signature of a human being.

Frowe contends that John*™ would be morally justified in firing on the
passerby if he tried to press the button because his trying to press the button
would be a threat. Although killing the passerby would get Mary™™ nothing,
Frowe asks whether Mary*™ might be justified in shooting him in the knee
and promising further force if he doesn’t press the button. If Mary*™’s action
is justified, Frowe says, “we are committed to the implausible claim that one
may use seriously harmful means to force a person to come to one’s aid at the
cost of an innocent person’s [John**’s] life.” (61) While regrettable, I don’t
find this implausible. Indeed, this is what I contend is acceptable in No Body
Armor; that one is morally justified in acting in self-defense even at the cost
of the life of an innocent person.

If Mary™™ is not justified in using this force, Frowe contends, it supports
the view that there is a substantial difference between killing and letting die.
(61) She goes on to say “... that you may not do as much against someone
who refuses to save you as you may do against someone who is going to kill
you is sufficient to support the killing/letting die distinction.” This is just
bizarre; consider a variation of Armed Machine:

5a. Solo Machine — Mary®™ has been placed inside a machine that will
release poison gas into her chamber when the clock hits zero unless
someone presses a button. This is all very obvious to Mary and
anyone who would pass her by. Her captors have given Mary a
machine gun.
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Suppose a numbers of passersby see Mary*™'s plight, see that it is easy for
them to save her life, and freely choose not to do so. Certainly Mary*™ is
morally justified in both threatening to kill bystanders who would let her die,
as well as following through with her threat if they fail to save her life -
especially if doing so might make other bystanders press the button. The very
notion that a passerby might witness Mary™™s plight and do nothing is
morally abhorrent!

In Solo Machine, it seems that we can do as much against someone who
refuses to save you as you may do against someone who is going to kill you -
that is to say that there is no support for the killing/letting die distinction.
The difference between Solo Machine and Armed Machine is that the
passersby who freely let Mary die when saving her life would cost them next
to nothing are uncontroversially moral monsters, while the passerby in Armed
Machine certainly does not exhibit the same disregard for human life. If Mary
is unjustified in acting in Armed Machine, surely it is because the character of
her targets is different - they're not clear moral monsters for not killing an
innocent person to save her life, where as in Solo Machine they would be
clear moral monsters for letting her die for no reason.

I11. Killing Arbitrarily
Frowe’s final case, I think, has the most merit:

6. Blind Machine — A passerby comes across a machine in which two
children have been placed inside separate chambers. A canister of gas
is hidden out of view above one of the chambers. Pressing the button
will change the chamber it is aimed at.

There is no good reason to press the button here, as the passerby cannot tell
who he will be killing and saving. Blind Machine illustrates the futility of
flipping a coin in Machine. Because John and Mary are morally equivalent in
Machine, there is nothing that the passerby can do that could bring about a
morally different outcome. To press the button is to waste the passerby’s
effort, and perhaps to cause additional psychological harm to those trapped in
the machine.

Blind Machine doesn’t let Frowe help herself to the conclusion that
killing is worse than letting die; pressing the button in Blind Machine is
wrong because there is no reason to do so, and thus to press the button is to
act irrationally and wastefully. Furthermore, pressing the button might cause
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additional harm and suffering to those in the machine. Tooley’s position isn’t
that killing and letting die are always morally equivalent, but that all else
being equal, killing and letting die are morally equivalent. All Blind Machine
has demonstrated is that Machine doesn’t quite make everything else
equivalent.

Suppose, though, that the passerby presses the button in Blind Machine.
And suppose that she does it often because she likes having control over who
lives and dies. This, it strikes me, is morally abhorrent because the passerby
is making life or death decisions without regard to morality; her actions aren't
done for moral reasons, rather they're done in wanton defiance of morality.
This is a particularly egregious form of willful negligence, what we might
call "playing God" because it involves carelessness with matters great
importance - of life and death. I think it is uncontroversially true that this
passerby acts immorally, and is severely morally blameworthy for her
actions. Note that the actual or expected consequences of her actions are
irrelevant to explaining what's wrong with her choice. Suppose that she
presses the button twice - the gas momentarily switches targets, but then
switches back. This has no effect on the outcome, but the passerby is clearly
morally blameworthy for her careless attitude towards the life and death of
others.

Conclusion

We are now in a better position to explain what is wrong with pushing the
button in Tooley's machine case. If moral agents have (libertarian) free will,
then they're not like Buridan's ass - they can make (arbitrary) choices
between two outcomes on their own without flipping a coin. (The doctors in
Disease, while capable of making arbitrary choices, probably should use an
impartial, observable decision making method to demonstrate that their
decision was arbitrary.) We can sensibly say that the passerby has at least
three options - press the button, don't press the button, or flip a coin to decide
whether to press the button. If killing and letting die are morally equivalent,
all three options have a morally equivalent outcome and we can't decide
between them by consequences alone. Because pressing the button and
flipping the coin involve some effort, the default circumstance - not pressing
the button is preferable. To decide for any other reason is to make a decision
based on irrelevant grounds and to treat matters of life and death as if they
didn't matter - and this is morally abhorrent.
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